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1. INTRODUCTION

Throughout this papeR denotes an associative ring with identity. Rege and Chhawch
haria [13], introduce the notion of an Armendariz ring. TR is calledArmendarizif
for any f(x) = S oax, g(x) = Y50 bjx) € R[x], f(x)g(x) = 0 impliesajbj = O for all i
andj. The name of the ring was given due to Armendariz who provatréduced rings
(i.e. rings without nonzero nilpotent elements) satisfled tondition[2].

Number of papers have been written on the Armendariz riregs €g.[[1],[[9]). So far,
Armendariz rings are generalized in different ways (seeetgnig], [12]). In particular,
Lee and Wong[[10] introducedleak Armendariz ringéi.e. if the product of two linear
polynomials inR[X] is 0, then each product of their coefficients is 0), Liu and Z[2]
introduce alsoveak Armendariz ring$ if the product of two polynomials ifR[X] is O,
then each product of their coefficients is nilpotent) as la@ogeneralization of Armen-
dariz rings. To get rid of confusion, we call the rintjzear Armendarizwhich satisfy
Lee and Wong condition. A ringR is calledcentral linear Armendarizif the product
of two linear polynomials irR[X] is 0, then each product of their coefficients is central.
Clearly, Armendariz rings are linear Armendariz and linAemendariz rings are central
linear Armendariz. In casRis reduced ring every weak Armendariz ring is central linear
Armendariz. We supply some examples to show that the coasefkthese statements
need not be true in general. We prove that the class of cdintear Armendariz rings lies
strictly between classes of linear Armendariz rings andiabeings. For a ringR, it is

shown that the polynomial rinB[x] is central linear Armendariz if and only if the Laurent
1
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polynomial ringR[x,x 1] is central linear Armendariz. Among others we also show that
Ris reduced ring if and only if the matrix rin§¥(R) is Armendariz ring if and only if
the matrix ringT,"?(R) is central linear Armendariz ring, for a natural number 3 and
k=[n/2]. And for an ideal of R, if R/l central linear Armendariz arldis reduced, then
Ris central linear Armendariz.

We also introduce central reduced rings as a generalizaficeduced rings. The ring
R is calledcentral reducedf every nilpotent is central. We prove that K is central
reduced ring, theRis central linear Armendariz, andiis central reduced ring, then the
trivial extensionT (R,R) is central linear Armendariz. Moreover, it is proven thaRifs
a semiprime ring, theR is central reduced ring if and only R[x]/(x") is central linear
Armendariz, wher@ > 2 is a natural number ard") is the ideal generated bg.

We write R[x], R[[X]], R[x,x %] andR[[x,x~*]] for the polynomial ring, the power se-

ries ring, the Laurent polynomial ring and the Laurent pogseries ring oveR, respec-

tively.

2. CENTRAL LINEAR ARMENDARIZ RINGS

In this section central linear Armendariz rings are introeldl as a generalization of
linear Armendariz rings. We prove that some results of lirianendariz rings can be
extended to central linear Armendariz rings for this gehsettings. Clearly, every Ar-
mendariz ring is linear Armendariz. However, linear Armangrings are not necessarily
Armendariz in general (see [10, Example 3.2 ).

We now give a possible generalization of linear Armendanigs.

Definition 2.1. The ring R is called central linear Armendariz if the prodoétwo linear

polynomials in RX] is 0, then each product of their coefficients is central.

Note that all commutative rings, reduced rings, Armendamngs and linear Armendariz
rings are central linear Armendariz. It is clear that sudpsinf central linear Armendariz
rings are central linear Armendariz.

Recall thatR is said to beabelianif idempotent elements d® are central.
Lemma 2.2. If the ring R is central linear Armendariz, then R is abelian.

Proof. Let e be any idempotent iR, considerf(x) = e—er(1—e)x,g(x) = (1—e)+
er(1—e)x e R[x| for anyr € R. Thenf(x)g(x) = 0. By hypothesis, in particular(1l—e)

is central. Thereforer(1—e) = 0. Henceer = erefor all r € R. Similarly we consider
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h(x) = (1—e) — (1—e)rexandt(x) = e+ (1—e)rexin R[x] foranyr € R. Thenh(x)t(x) = 0.
As before(1—e)re =0 andere=re for all r € R. It follows thate is central element dR,

that is,Ris abelian. O

Example 2.3. Let R be any ring. For any integern 2, consider the ring R" of nx n
matrices and the ring /{R) of nx n upper triangular matrices over R. The ring§’R
and T(R) contain non-central idempotents. Therefore they are netiab. By Lemmpa2]2

these rings are not central linear Armendariz.
Recall that a rindr is semicommutativef for anya,b € R, ab= 0 impliesaRb= 0.

Theorem 2.4. Let R be a von Neumann regular ring R. Then the following atevedent:
(1) R is Armendariz.

(2) R is reduced.

(3) R is central linear Armendariz.

(4)

()

5) R is semicommutative.

R is linear Armendariz.

Proof. By Lemma2.2 and [5, Lemma 3.1, Theorem 3.2], we h@le= (2). (2) = (5)
Clear. (5) = (2) Leta? = 0 forac R. By (5), aRa= 0. So(aR)?> = 0. AssumeaR# 0.
By hypothesisaR contains a non-zero idempotent. This is a contradictiomdda = 0.

The rest is clear from |1, Theorem 6]. O

We now give a condition for a ring to be central linear Armenileelating to central

idempotents.

Lemma 2.5. Let R be a ring and e an idempotent of R. If e is a central idepmaif R,
then the following are equivalent:
(1) R is central linear Armendariz.

(2) eR and(1 — e)R are central linear Armendariz.

Proof. (1) = (2) Since the subrings of central linear Armendariz rings @ntral linear
Armendariz,(2) holds.

(2) = (1) Let f(x) = ap + a1X, g(X) = bo + byx be non zero polynomials iR[x]. Assume
that f (x)g(x) = 0. Letf; =ef(x), f = (1—e)f(x), g1 =egx), g2 = (1 —e)g(x). Then
f1(x)g1(x) = 0 in (eR)[x] and f2(x)g2(x) = 0 in ((1—e)R)[x]. By (2) eaeb; is central in
eRand(1—-e)a(1—e)bjis central in(1-e)Rforall0<i<1,0<j<1. Sinceeand
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1—ecentral inR, R=eR& (1—e)Rand soa;b; = eabj + (1— e)ab; is central inR for

all0<i<1,0< <1 ThenRis central linear Armendariz. O

Clearly, any linear Armendariz ring is central linear Arrdeniz. We now prove that

the converse is true if the ring is rightp.—ring.

Theorem 2.6. If the ring R is linear Armendariz, then R is central lineam#endariz. The

converse holds if R is right.p.—ring.

Proof. SupposeR is central linear Armendariz and rightp.—ring. Let f(x) = ap+ a1,

0(X) = bp+ bix € R[X]. Assumef (x)g(x) = 0 Then we have:

aobo =0 (1)
agby +ajbp =0 (2)
albl =0 (3)

By hypothesis there exist idempoterts R such thar(a) = eRfor all i. Soby = eghg
andagey = 0. Multiply (2) from the right byey, by Lemma 2R R is abelian and we
have 0= aghiey + aybpey = ageghs + ajbpey = a1bg. Soagh; = 0. HenceR is linear
Armendariz. This completes the proof. O

Let R be a ring and leM be an(R,R)-bimodule. Thetrivial extensionof R by M is
defined to be the rind (R,M) = R@® M with the usual addition and the multiplication
(r1,m)(rz,mp) = (rarz,ramp +mMrz).

Example 2.J7 shows that the assumption "right p.p.-ring” edren{ 2.6 is not super-

fluous.

Example 2.7. There exists a central linear Armendariz ring which is neithight p.p.-ring

nor linear Armendariz ring.

Proof. Letn be an integer witm > 2. Consider the rinR=T(Zxn,Zn). If a= 21 and

ao a1l aofllaz1

fx)=| _ _|+| — _ |xeRx,then(f(x))2=0.Becausq _ || _ | #
0 a 0 a 0 a 0 a

0,Ris not a linear Armendariz ring. Siné&s commutative, it is central linear Armendariz

_ _ o 0 Zn 01 ) L
ring. Moreover, since the principal iddak = Ris not projective,
0 O 00

Ris not right p.p.-ring.

Now we will introduce a notation for some subringslafR). Letk be a natural number

smaller tham. Say
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n k n—kn—k
T (R = {Z > Ai€i-jrnit Y Y i€k 1 lij € R}
i=]j=1 i=]j=1

wheree;’ s are matrix units. Elements @f(R) are in the form

X1 X2 o X Ak+1) Qkt2) - QIn
0 X1 ... X1 Xk A(k+2) - S2n
0O 0 xg .. asn

X1

wherex,as € R, 1<i<k 1<j<n-kandk+1<s<n.

For a reduced ringR, our aim is to investigate necessary and sufficent conditfon
S= TX(R) to be central linear Armendariz. 10 [11], Lee and Zhou prdvattif R is
reduced ring, theBis Armendariz ring fok = [n/2]. HenceSis linear Armendariz and so
Sis central linear Armendariz. In the following, we show tttee converse of this theorem
is also true. Moreover, it is proven thais reduced ring if and only iTX(R) is Armendariz
ring if and only if T"~?(R) is central linear Armendariz ring. In this direction, we deke

following lemma:

Lemma 2.8. Suppose that there existtac R such that 4= b? = 0 and ab= ba is not

central. Then R is not a central linear Armendariz ring.

Proof. (a+bx)(a—bx) = 0 in R[x], butab is not central. SoR is not a central linear

Armendariz ring. O

Theorem 2.9. Let n> 3 be a natural number. Then R is reduced ring if and onlyfR)

is central linear Armendariz ring, whete< k <n-2.

Proof. Let R be a reduced ring. 1N [11], it is shown thEf(R) is Armendariz ring and so
it is central linear Armendariz. Conversely, suppose Biatnot a reduced ring. Choose a
nonzero elemerat € Rwith square zero. Then for elemerits-a(e;1+ e+ ...+ €enn),B=
€1(k+1) + €uks2) + - + € in TX(R), A2 = B? = 0 andAB = BA is not central, since
(AB)(e1(n—k) + €2(n—kt1) T - + E(n-1) T Eks1)n) = @€in # 0. Therefore, from Lemma
[2.8, TX(R) is not central linear Armendariz ring. This completes theofr O

Theorem 2.10. Let R be a ring, > 3 be a natural number and ¥ [n/2]. Then the

following are equivalent:
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(1) R is reduced ring.

(2) TX(R) is Armendariz ring.

(3) T"2(R) is central linear Armendariz ring.
Proof. (1) = (2) Seel[11].

(2)= (3
®)=1

Since subrings of Armendariz rings are Armendariz, theisedear.
It follows from Theoreni 2.19. O

_ =

Note that the homomorphic image of a central linear Armezdarg need not be cen-
tral linear Armendariz. IR is commutative and Gaussian ring, by [1, Theorem 8] every
homomorphic image dRis Armendariz and so it is central linear Armendariz.

In [7], it was shown that for a rindR, if | is a reduced ideal oR such thatR/l is
Armendariz, themRis Armendariz. For central linear Armendariz rings we hdneegimilar

result.

Theorem 2.11. Let R/I be central linear Armendariz and | be reduced. Then R isreént

linear Armendariz.

Proof. Leta,b € R. If ab= 0, then(bla)? = 0. Sincebla C | andl is reducedpla= 0.
Also, (alb)® C (alb)(l)(alb) = 0. Thereforealb = 0. Assumef(x) = ap+ ax,g(x) =
bo -+ bix € R[X] and f (x)g(x) = 0. Then

aobo =0 (1)
agh; +ajbg =0 (2)
albl =0 (3)

We first show that for angib;, ajlbj = bjla; = 0. Multiply (2) from the right bylbo,
we haveaibglbg = 0, sinceagh;Ibg = 0. Then(bglaz)® C byl (abglaibg)la; = 0. Hence
bola; = 0. This impliesa;lbg = 0. Multiply (2) from the left byagl, we haveaglagh; +
aglabg = 0 and soaglagh; = 0. Thus(b1Ia0)3 =0 andb;lag = 0. Thereforeaglb; = 0.
SinceR/I is central Armendariz, it follows thaa?b_j is central inR/I. Soajbjr —rajbj €1
for anyr € R. Now from above results, it can be easily seen tlgdi;r —rajbj)l (aibjr —
rajb;) = 0. Thenabjr =ra;jb; for all r € R. Hencea;b; is central for alli and j. This
completes the proof.

]

Let Sdenote a multiplicatively closed subset®€onsisting of central regular elements.

Let S IR be the localization oR at S. Then we have:
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Proposition 2.12. R is central linear Armendariz if and only if $R is central linear

Armendariz.

l .
Proof. Suppose thaR is a central linear Armendariz ring. Létx) = Zj(a;/s)x', g(x) =
i=

1 .
Z)(bj/tj)xJ € (SR)[¥ andf (x)g(x) = 0. Then we may find, v, ¢; andd; in Ssuch that
J:

Zjaclx € R[X], vg(x Zjb idjx! € R[x] and(uf(x))(vg(x)) = 0. By supposition
(ac.)(b,d ) are central irR for all i andj. Sincec; andd; are regular central elements of

R, a;b; are central irRfor all i andj. It follows that(a;/s)(bj/t;) are central for ali andj.

l .
Conversely, assume th@t'Ris a central linear Armendariz ring. L&{x) = Z}a;x',g(x) =
1 1

(a/1X,9(x) = ¥ (bj/1)x!
Z}a{ X, g(x JZOJ x e

i)bjxj € R[X]. Assumef(x)g(x) = 0. Thenf(x)/1=

SR and (f(x)/1)(g(x)/1) = 0 in S*R. By assumption(a/1)(bj/1) is central in
S IR Hence, for ali andj, aibj is central inR. O

Corollary 2.13. For any ring R, the polynomial ring [} is central linear Armendariz if

and only if the Laurent polynomial ring[Rx 1] is central linear Armendariz.

Proof. Let S= {1,x,x?,x3,x%,...}. ThenSis a multiplicatively closed subset &x] con-

sisting of central regular elements. Then the proof follénesn Proposition 2.12. O

We now definecentral reduced ringas a generalization of reduced rings.

Definition 2.14. The ring R is called central reduced ring if every nilpotetgraent is

central.

Example 2.15. All commutative rings, all reduced rings and all stronglgutar rings are

central reduced.

One may suspect that central reduced rings are reduced.h8dblowing example

erases the possibility.

Example 2.16. Let S be a commutative ring and=-RSx]/(x?). Then R is commutative
ring and so R is central reduced. If-ax+ (x?) € R, then & = 0. Therefore R is not a

reduced ring.

It is well known that if the ringR is reduced, theR is linear Armendariz. In our case,

we have the following:
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Theorem 2.17.If R is central reduced ring, then R is central linear Armerida

Proof. Let f(x) = ag+aiX, g(X) = bp+b1x € R[X]. Assumef (x)g(x) = 0. Then we have :

aobo =0 (1)
agby +asbg =0 (2)
albl =0 (3)

Since (bpag)? = 0 and (bja;)? = 0, bpag, bja; € C(R), whereC(R) is the center oR.
Multiply (2) from the right byag, we haveaghiag+ ajbpag = 0. Thusaghiag+ bpaga; = 0.
Multiply last equation from the left by, we haveag?biag = 0 and sqaghiag)? = 0, that
is, agh1ag € C(R). Hence(aghy )3 = 0 and saagh; € C(R). Similarly it can be shown that
ajhp € C(R). O

Note that ifR is reduced ring, by [13, Proposition 2.5] trivial extensib(R,R) is Ar-

mendariz and so it is linear Armendariz. For central reduaegs, we have

Lemma 2.18. If R is central reduced ring, then the trivial extensiofRIR) is central

linear Armendariz. The converse holds if R is semiprime.

Proof. Let  f(x) = % bo T {al bl}x _ [fl(x) f2(X) }
0 a | 0 a 0 fi(x)
o= | 2% o | 9% 2Ry i fog =0,
0 ¢ 0 o 0 a®

then we have

0 f1(x)91(x)

Hencefs(X)g1(X) = 0, f1(X)g2(x) 4+ f2(x)g1(x) = 0. In this case, we have

{ @B 008209+ 12080 } e

aoCo =0 (1)
agt1+aicp =0 (2)
aiCy =0 (3)

From(1) and(3), apco,a:1¢1 € C(R) and socpag, cras € C(R). Multiply (2) from the right
by ag, we haveagciag + a1Coag = 0. ThusagCiag + Coapas = 0, Soap?ciag = 0 and so
(agC1a9)? = 0, that is,agc1a0 € C(R). Hence(agep )2 = 0 and saagey € C(R). Similarly it

can be shown that; cp € C(R).

Conversely, supposR is semiprime ands= T (R,R) is central linear Armendariz. Let
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a" = 0 witha € R. Consider

a1l o a1l 1
Flx) = 0 a1 + 0 a1 %

a1l o a1l 1 0 a+t?
g(x) = + x € §x]. Thenf(x)g(x) =0. Hence

0 a1t 0 a1

C(S) and soa" ! € C(R). Therefore(a®1R)? = 0 impliesa"! = 0. Continuing in this

way, we havea = 0. O

In [, Theorem 5], Anderson and Camillo proved that for a riRg and
n > 2 a natural numbefT"%(R) is Armendariz if and only if R is reduced. Lee and
Wong [10, Theorem 3.1] also proved ti&t-1(R) is linear Armendariz if and only if R is

reduced. For central linear Armendariz rings, we have theviing.

Theorem 2.19.Let R be a semiprime ring andn2 a natural number. R is central reduced

ring if and only if T'~1(R) is central linear Armendariz.

Proof. SupposeR is central reduced ring. Le = 0 forac R. Thena € C(R) and so
aRa= 0. SinceR is semiprime, we hava = 0. ThereforeR is reduced and,"(R) is
Armendariz by [[1, Theorem 5]. Hencg1(R) is linear Armendariz and by Theorem
[2.8, it is central linear Armendariz. Conversely, assuna Tf~*(R) is central linear
Armendariz. Using the similar technique as in the proof afninea[2.18, it can be shown

thatRis central reduced. O

REFERENCES

[1] D.D. Anderson and V. CamilldArmendariz rings and Gaussian ringSomm. Algebra 26(7)(1998), 2265-
2272.

[2] E. Armendariz,A note on extensions of Baer and p.p.-ringisAustral. Math. Soc. 18(1974), 470-473.

[3] G.F. Birkenmeier, J. Y. Kim and J. K. ParRrincipally quasi-Baer rings Comm. Algebra 29(2)(2001),
639-660.

[4] E.W. Clark, Twisted matrix units semigroup algebrdduke Math. J. 34(1967), 417-424.

[5] K.R. Goodearl,Von Neumann Regular Ringsecond edition, Krieger Publishing Co., Malabar, Florida
1991.

[6] C.Y.Hong, N.K. Kim and T.K. KwakOn skew Armendariz ring€omm. Algebra 31(1)(2003), 103-122.

[7] C. Huh, Y. Lee and A. SmoktunowicZArmendariz rings and semicommutative ring@mm. Algebra
30(2)(2002), 751-761.

[8] I. Kaplansky,Rings of operatorsW. A. Benjamin, New York, 1968.

[9] N.K.Kim and Y. Lee,Armendariz rings and reduced ring3. Algebra 223(2000), 477-488.



10 NAZIM AGAYEV, ABDULLAH HARMANCI, AND SAIT HALICIOGLU

[10] T.K. Lee and T.L. Wong©n Armendariz ringsHouston J. Math. 29 (2003), 583-593.

[11] T.K. Lee and Y. ZhouArmendariz and reduced ring€omm. Algebra 32(6)(2004), 2287-2299.

[12] L. Liu and R. ZhaoOn weak Armendariz ring€€omm. Algebra 34(7)(2006), 2607-2616.

[13] M.B. Rege and S.Chhawchhari&mendariz ringsProc. Japan Acad. Ser. A Math. Sci. 73(1997), 14-17.

NAZIM AGAYEV, QAFQAZ UNIVERSITY, DEPARTMENT OFPEDAGOGY, BAKU, AZERBAIJAN

E-mail addressnazimagayev@qafqaz.edu.az

ABDULLAH HARMANCI, HACETTEPEUNIVERSITY, DEPARTMENT OFMATHEMATICS, ANKARA TURKEY

E-mail addressharmanci®@hacettepe.edu.tr

SAIT HALICIOGLU, DEPARTMENT OFMATHEMATICS, ANKARA UNIVERSITY,06100 ANKARA, TURKEY

E-mail addresshalici@ankara.edu.tr



	1.  Introduction 
	2. Central Linear Armendariz Rings
	References

