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In this paper, we consider a conformable fractional differential equation with a constant coefficient and obtain an approximation
for this equation using the Radu-Mihet method, which is derived from the alternative fixed- point theorem. Considering the
matrix-valued fuzzy k-normed spaces and matrix-valued fuzzy H-Fox function as a control function, we investigate the existence
of a unique solution and Hyers-Ulam-H-Fox stability for this equation. Finally, by providing numerical examples, we show the

application of the obtained results.

1. Introduction

One of the important topics in mathematics and especially in
mathematical analysis is fractional calculus. Here, we can
refer to the fractional derivatives of Caputo, Rie-
mann-Liouville, Grunwald-Letnikov, Marchaud, or
Hadamard as fractional operators. It should be noted that
these operators are the result of changes made to ODEs and
PDE:s over time. Various kinds of fractional derivatives have
been discussed by Kilbas in [1] and Butzer et al. in [2].
Derivatives such as the Caputo, Riemann-Liouville, or
Hadamard fractional derivatives have complex rules such as
the law of chain. The researchers decided to find another
derivative to get rid of these complications. Thus, a local
fractional derivative containing a limit was proposed instead

of a single integral called the consistent fractional derivative.
These derivatives have many uses and properties. For ex-
ample, they are used to extend Newton mechanics [3-6].
Researchers have recently introduced a new type of deriv-
ative that modifies conformable fractional derivatives. They
have also studied the method change of the parameters for
the conformable fractional differential equations by con-
sidering a regular fractional generalization of the
Sturm-Liouville eigenvalue problem [7-9].

In this paper, we consider an MVKFB-space introduced
in [10] and consider a modern class of the MVF control
function based on the H-Fox functions. Our goal is to obtain
an approximation for the conformable fractional differential
equation using the alternative fixed-point theorem in
MVKEB-spaces. The fuzzy control functions presented in
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this paper have a dynamic situation and can model new
events, such as the COVID-19 disease, as explained in [11].
Using fuzzy controllers, the stability analysis of differential
equations and integral equations can be studied.

{Qif(w -9) =
f(&l) = fa’

where DJf is called the conformable fractional derivative
(CFD) with a lower index a of the function f and = [a, b],
K € C(T xR, R)[1, 2].

The paper is organized as follows: In the second section,
we present the basic definitions and concepts that are
necessary to investigate the main results, and we also in-
troduce the matrix-valued fuzzy H-Fox function as a control
function. In the third section, using the alternative FPT, we
prove the existence of a wunique solution and the

of (@ = 9) + K(@ - 9,f(@ - 9)),
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We consider the following conformable FDE with
constant coeflicients:

®,9¢€ (a,b],0<w< 1,
(1)

Hyers-Ulam-H-Fox stability for the conformable FDE in
MVEFkN-spaces, and at the end, as an application, we
provide a numerical example.

2. Preliminaries

Definition 1. For a mapping f: [a,00] — R, the CFD
starting from a of order w is defined by

(@ - 9) = lim;

If on (a.b)df(@-9)
lim(m_s)_>a+ i‘):}f(ﬁb - 19)

exists, then DIf(a)=

Remark 1. For a finite given DIf((@-9),), | is
w-differentiable at (@ —9),. If e C!'([a,00),R), then
Df(@-9=((@-9-a)" “F(@-9).

Definition 2. For a mapping f(® - 9), the Hadamard frac-
tional integral with the order 0 < w <1 and parameter s € R

is defined by
1 -9 /R\° t w—lf(f\)
@, (z) (l0g5) T5oar @

where (@ —9) € (a,b) and a<b in R.

I‘Z’QS gf(@-9) =

Lemma 1. Letf € C!([a, 00)). For the real-valued mapping f
and (@ -9)>a, 0<w<], the following relationship is
always established:

21 o Dof(@-9) = f(@-9) - f(a). (4)

Theorem 1. By considering the Mittag-Leffler map, we ob-
tain the following equation:

)\ ° (((GD 9) - a)w/a))cg
)) z T'(1+76p) > 720 (5)

ET<(((®—9)—a
w

Suppose that Z(@ -9) = E_ ((((®@-9) -
we obtain the following equation:

a)’/w)?), then

f((@-9+i(@-9-a))-F@-9

L (@-9)>a,0<w< 1. (2)

DZ(@-9) =0Z (@-9). (6)

Proof. Using Remark 1, we have

a _ 10 (@-9)Z (@ -9)
D,Z@-9N=(2-9)—-a) G
=(@-9-a)"“(@-9-a)"
((@-9) -a)/w)®
Z I'(1+ 76p) (7)
B ((@-9)-a)/w)®
- 7\;} I'(1+ 1cp)
=0Z(@-9).
Next, we study the mapping f. O

Theorem 2. If for equation (1), the mappingf € C(T,R)isa
solution, thus we have

((@-9) -a)"/w)™
f@-9= z F(l+rqg)
13 ((@-9) -a)/w)®
T (w) J ur T'(1+ 76p) (8)
2 ((A-a)/w) (R t\e LK (&, f(R))
> Tirre (o) (ogg)

Proof. For any solution of (1), it should be as follows:
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-9 -a)lw)®
I'(1+ 760)

c(@-9), 9)

) Q) @/, \e
@Z,f(m_9)=s>Z<Z((® Do)
¢=0

where ¢ (@ —9) is an unknown continuously differentiable
function. From (9) and Remark 1, we get

L(®—9)>

I'(1+76p)
~ (@-9)- ‘“Z(«®N1+£gmfimv9%ﬂﬁ”d®—%
s 2 (((‘Dr_ (f);;g/ 9 (@-9)-a)"“ (@-9) (10)
O Y= NN
= of(@-9) + 2 (((‘Dr_ (f):;);/ “’)cgi@ic(m -9).

As a result, we obtain the following equation:

S (((@=-9)-a))w)™

From (11) and Lemma 1, we get

Dc(@-9) :;0 T 70 K(@-9,f(@-9).
(11)
1 (9 ((A=c0)lw) (AN, t\*'K(Af(R)

where c(a) =f(a) ={,.
By using (9) and (12), the desired result is obtained.
m| O

Definition 3. A mapping f € C' (7,R) is said to be the
solution of (1) if f satisfies DIf (@ - 9) = pf (@ - 9) + K (@ -
9,f(@-9),® -9 € (a,d] and f(a) = f,. Thus, we obtain the
following equation:

w Y
@9 =15 O

I'(1+ 76p)

1 J‘D’S S ((@-9) -a)w)®

+7
HNw) Ja & I'(1 + 160)

((;\ a)’Jw)” ¢ t\“'KAT(N)
Z <t> (1085) 2

I'(1 + 7p)

(13)

Definition 4 (see [12]). The multivariate Mittag-Leffler (MM-
L) function is defined by the following series representation:

E((xl ..... am),ﬁ (ul’ E] um)
i Z G uil . qu
= m
6=0 6146, =6 \ G5 -+« 5 Gy r(0‘1C1 t--t+a,q, t ﬁ)
(14)
where «;, >0 fori =1,2,...,m

Definition 5 (see [13-15]). According to a standard nota-
tion, the Fox # function is defined as

m,n ]' m,n e
> = Jg%,,;v (e)a¢de, (15)

where £ is a suitable path in the complex plane C to be
disposed later. g° = exp{(log|g|+ iargg)} and
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V(e) = H F(sj - wje),

T (17)
W(e) = HF(I —-r+ ¢je),

j=1

q

X(e) = H T(l -5+ wje),

]:;1+1 (18)
v© - 110 9¢),

j=n+1

with 0<n<p, 1<m<q, {rj,sj} eC, {¢j,1//j} €R*. An
empty product, when it occurs, is taken to be one, so we get

n=0— W()=1lm=q— X(e)=ln=p «— Y(e) =1
(19)

The # function is, in general, multivalued, but it can be
made one-valued on the Riemann surface of logg by
choosing a proper branch. We also note that when « and f3
are equal to 1, we obtain G functions G} (g). The above
integral representation of # functions, by involving
products and ratios of Gamma functions, is known to be of
the Mellin-Barnes integral type. A compact notation is
usually adopted for (15).

(20)

Here, we assume &, = [0, pl, &, = (0, +00), &5 = (0, 1],

T4 = [0,+00],, Fs = [0, 1](Fs° = (0, 1)), and F¢ = [0, +00).
Assume that

r
diag M, (F5) = = diag[ry,. .., Tl Tise oo r, €35
Ty
(21)
in which
r = diag[ry,...,r,],s = diag[s,,...,s,] € diagM,, (F5),

r <sor;<s;forevery i=1,...,n
(22)
Also, r<s denotes that r<s and r#s; r<s for every
i=1,...,n. We define a = diag[a,...,a] in diag M, (F's)

Complexity

where a € ;. Note that,

diag(0,...,0] is 0.

diag[l,...,1] is 1 and

Definition 6 (see [16-18]). A mapping ®: diag M, (F5)x
diag M, (F5) — diag M, (F5) is called a GTN if the fol-

lowing conditions are met:

(a) (Vr e (diagM,(F5))(rel) =r) (boundary
condition)

(b) (V(r,s) € (diag M, (F5)*) (r&s =s@r)
(commutativity)

(c) (V(x,s,¢) € (diagimn(%s)f)(r@ (s@c) =

(r@s)@c) (associativity)

(d) (V(r},85,8,,8,) € (diagM,(Fs)*)  (r, <ryand

$; < s, impliesthatr, ®s, <r, ®s,) (monotonicity)

If for every r,s € diag MM, (F5) and each sequences {r;}
and {s;} converging to r and s, we get

limy (r, ® ;) =r@&r, (23)

and we conclude that the continuity of ® on diag M, (F5)
(CGTN).
(1) Define ® ,;: diagIMN,, (F'5) x diagM,, (Fs) — diag
M, (Fs), such that

r® s = diag[ry,...,r,] ® ydiag[s,,...,s,]

(24)

= diag[min{r,s,},..., min{r,,s,}],

then ®,, is CGTN (minimum CGTN).
(2) Define @ p: diag M, (F5) x diag M, (F5) — diag
IM,, (Fs), such that

,r,] ® pdiag[s,, ..., s,]

’rn'sn]>

r@ps = diag[ry,... 25)
= diag[r;.sy, . -

then @, is CGTN (product CGTN).

(3) Define ® : diagIM,, (F'5) x diag M, (Fs) —
diag M, (F5), such that

r® ;s = diag[ry,...,r,] ® diag[s;,...,s,]
. max{rn +s, — 1,0}],

(26)

= diag[max{r, +s, - 1,0},..

then ® p is CGTN (Lukasiewicz CGTN).

Numerical examples of CGTN are as follows:
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. [475 3 46 . [35 65132 . [45 6 3132
dlag[_)_)_)_)_)_] Mdlag[_)_7_)_)_7_] = dlag[_7_)_)_:_>_
7991437 518117213 718111421 3
or
-4 - - - - q
7 7
7 5
9 18 18
5 6 6
9 11 11
®M = >
3 5 3
14 7 14
4 13 13
3 21 21
2
L . L e L 3
. [475 3 46 . [35 6 51327 . [122510 1552 4
dlag[_: OO T T _] Pdlag[_) ToT o oL T dlag P R R R R R
7991437 518117 21 3] 35623398637
or
4 1T 112 1
7 35
5 35
9 18 62
5 6 10
9 11 33
®P = >
3 5 15
14 7 98
4 13 52
3 21 63
6 4
L 74 L 1L 7
. [475 3 46 . [35 6 51327 . 6 1 10 5611
dlag[_)_) PR ) _] Ldlag[_) T T A0S T dlag A 10 an’ 0) e
7991437 51811 7 21 3 351899 6321




—4 - -
7
7 5
9 18
5 6
9 11
®L
3
14
4
3
We get the following equations:
. [475 3 46 . [35 65132
dla [7)7)7;737)7] Mdlag[f)iyiaf)iaf]
7991437 518117213
475 346 3565132
> diag[_) PRSI e _] Pdiag[_) T 1100 A1 _] (28)
7991437 518117213

475 346 . [35 65132

[ ______ ] Ldlag[_a PP I R _)_:|-
518117213

By considering the matrix-valued fuzzy function

(MVFF) @: (§)F x &, — diagM,, (&), then we have
following conclusions:

(i) It is a left continuous and increasing function.

(i) limy_ & (@ = 9y,..., @& —9,9) =1 for any

(COI _91""’@](_91() € %1 and n € %2.
(iii) For MVFFs & and 7/, the relation “<” is defined as
follows:
GW G (@, -9,,...,0, -9 9)
< (@ -9,...,0 — 9 ), (29)
vy e Fand (@, - 9,...,0 — 9) € &

0

Hm,n( |G)1 _91""’a)k _9k|>
b

I D A 1 P AR - A (@) ...
= diag| H ) ; |

T,w

N>

L ,Hm,n |:( |®1 - '91’ s "Dk - 19k|>| (aj, a])j:l,_._,
! )

Complexity
or
- 6 -
35
1
18
10
= 99 : (27)
0
56
13 —
— 63
21
11
2 ik
= L 214
3

Definition 7. Let @ be a CGTN, 7 be a vector space, and
N J*x F, —> diag M, (§;) be a matrix-valued fuzzy set
(MVES). Triple (7,9, ®) is called a matrix-valued fuzzy
k-normed space (MVFkN-space) if

(MVFKN1) A (¢; —¢f,-- ., ¢ — ¢go ) = 1 if and only if

(¢; —¢j,..., ¢, —¢;) are linearly dependent and y € §,;
(MVFKkN2)

OO S S 54 1) R (I S A R o V] Y0 )|

for all (¢; —¢jf,...,¢;, —¢;) € 7 and x € C with »x#0;
(MVFKN3) -

N g+ e =¢lsers €=y +3)=0 (c 0y — €y,
e = M) ®N (¢ =€), — oy — ¢ 3)  for all
(c,—¢h..r —c¢) €S and any v, 3 € Fy;

(MVFkN4)  lim,_ A (@ =9, . ..
for any y € §,.

When an MVFkN-space is complete, we denote it by an
MVEFkB-space. Using the concept of the H-Fox function, we
define an MVF H-Fox function HT.'": (&) xg, —
diag M, (F;) (1,w € §,) as a control function in the
MVFkKN-spaces as follows:

;@ —9p) =1

(30)
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For an MVF H-Fox function H7,", we have

(1) It is a left continuous and increasing function for
positive values.

(2) limy__,, JHT (=@ =9y, ..., @ = l/y) = 1.

(3) For HY;' and also, for the matrix-valued fuzzy
function @_,, we have

1) HE (<@, =9y, - .., @ = 9¢|/9)>0.
(2) We can easily show that for y € §,, H7,' (=@, —

91""’®k_9k|/t)) = 1@@1—91,...,63](—91{ =0.
(3) We show that
maf |a(@ =9, @ =)
HT,(I)(

Y

_ _ (32)
®T’w5HITI};Jn®®T)w< |®1 Sls.;).,(bk 9kl _ Hm)n( |((Dl _91’. ) -,(Dk _ Sk)l)
(31) S y/|al '
SH;’I,I(:Jn( I(Dl s l) D 9k|)’ Then, we have
and also, we have
Hm’n( Ia(®1_91)~~-)®k_'9k)|)
T,0 n
B ( Ha(@, 91,...,@k-9k)|> G i ( ~|(x(®1—91,...,®k—9k)|) (4 ) ...
T,w n > T,0 n
(05B1) . (6581) .0
o ( Ha(@, -9, ,cok—ek)|) (@)
> [ A7) );)
(bj’ﬁj)]ﬂ ,,,,, P
_ diag| 1 ( —|0c(6)1—91,...,63k—9k)|) G i ( -|a(a1-91,...,mk-9k)|) (4 ) ...
T,w n > T,0 I)
(bj’ﬂf)]:l ,,,,, P (bf’ﬁj)jzl P
(o000 G
N & o Y
(bj’/jj)jzl,“.,p_
:diag Hm’" (—I((Dl _'91""’(Dk_9k)|> (aj"xj)jzl" P Hm’” (—I((Dl ‘91""’(Dk_'9k)|> (aj)‘xj)]:l P
i Y/ ol e y/|al
(587) 1.y (©58)) 1.
o [CEEL=LELR) (#55) 1.
e y/lal
(bj’ﬁj)]—l P
:Hm,n< l(®1_91"">®k_9k)|>
b y/|al '
(33)

(4) We show that
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(@j,0))1,..p

(6558 j=1,...p

SH’{’f[—(Iczl—cpl,...,czk—cpkl/é)‘EZ{’Z{?{‘L""I’], then
PFj’ =1 p

AAAAA

—(|@; =9,...,@—9I/y)

Hm,n( |((®1 =9) +(ezy —cpy) . (@ = ) +(ezp — cpk))|> Suppose that HTY
e h+38

o (102 (om0

Y we have

S G TR
T,0 g ‘

(34)

(@, -9, ..., = 9)| 3 A(ezy —epys.. s ez - cpk)|=>
y h s

(@, = 9y ..., @ = )] N [(cz) = cpys..hezy - cpk)|:>
y s
3|(@, = 9y, ..., @ — 9]
y

>|(czy = epps...o ez —epp)|=

8|(@, = 9p,..., @ — 9|
y

+|((D1 _91""’®k_9k)|2

l(czy = eprsoreze —epp)| +](@ = 9y @ — )| 2

(@, = 9ys .., @ = 9) + (cz) = ¢pys. ..oz —epp)|=

s
[(@, = 9,,...,& —Sk)|<;+ 1) >|(@; =9y, @ = 9) +(ezy = ¢pph.. ez —epp)|=
(35)

s+
(@, —91,...,®k—9k)|( yy)zl(wl =0 @ =) + (2 —epp. . ez —cp)|=

|(®1 _91""’®k_9k)|>l(®1 —91,...,®k—9k)+(czl —cpl,...,czk—cpk)l:’

y S+y
—|((Dl —91,. . .,(Dk - 9k)| <—K®1 - 91,. . .,Cl)k _Sk) + (CZI - CPI’ e ,(Zk - (pk)lz>
y - s+y
[ a,a;).
- A@, =9y, @ = 9) + (ez — ¢py, .. sz — epy)| (4 J)J*L-'"P
b s+y
L (bj’ﬁ]')j=l,4..,p

Therefore, we have
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(“j’ “j)j:1 ..... »
diag| 7 (@ =91, @ = 9) + (81 = Pi -8~ Py,
3+ ' b '
( f’ﬁj)j
[ ( 4j> J) ]
H™" ‘|(®1_91""’®k_9k)+(§1_p1> pk)' P
T,w 6 + n > >
L (bj’ﬁf)jzl,...,p_
[ ( 4js 1) ]
Hm’n ~|((D1—191,...,(Dk—9k)+(§1 —]31, pk)' wP N
e 3+ .
L (bj’ﬁj)jzl,...,p_
[ (a59)) ., (a)0;),0
dlag HZIZ‘ <|(®1_91> n 9k)| g b aHT(: ‘|((D1 91a.r;.,®k_9k)|| g P
L (bj’ﬂj)]:l ,,,,, P (bj’ﬂj>]:1 ,,,,, p
(36)
| (ay0)
@ -9,..., 0 -9 P jeLeop
, ,HT(: ‘I( 1 1 n k k)|| ®
L (bj’ﬁj)]—l ,,,,, P
[ (aj’ aj)j:l P
3, —Pp.. 8 — T
dlag szatl ‘I 1 ‘pl 2 ‘pk|l ,
L (b]"ﬁ]')]fl ..... p
a., o
( 7’ ])j:l AAAAA p
3, — P8P
H:_'?:; —I 1 1 k|l
(bj’ﬂj)]—l ,,,,, p
(@) ...
Hm,n —Ig’l_pl""’gk_pkh Jebeeb
Y & P ,
(bf’ﬁj)jﬂ P
Consequently, if Theorem 3 (see [14, 19]). We consider the §,-valued metric
) space (o, d). For {,}) € o, we consider the self-map I on of
|51 b dk ~ 5k|
Hif v such that
151 = 3 v 30— 31 d(I1f, Eh) < v d (B, ), (38)
D sh i) —ding| (i)
where v< 1 is a Lipschitz constant. Let f € of. Therefore, we
. H'"’"<—|51 b s— 3l ) have following two ways:
. b - (i) d (TI°f, TI°*'f) = co, Ve € N
(37) or
fory e ,, then (7,9, ®,,) is an MVFkN-space. From now (ii) we can find ey € N such that: d(II%, I1°"'f) <
on, we assume ® = @ ;. 00, Vexe,
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If condition (ii) is true for us, then we have following
conclusions:

(1) The fixed point §* of I1 is the convergence point of the
sequence {I1°f}

(2) In the set Z* = {§ € o | d(II%f, ) <o}, §" is the
unique fixed point of I1

(3) (1-2»d(H,5")<d(Hh,11h) for every he A

Definition 8. Let function HF.' be an MVF function.
Equation (1) is said to be Hyers-Ulam-H-Fox stable, and if
h(@, - 9)), ..., (@, — I,) is a given differentiable function,
we obtain the following equation:

/V(ngl (‘31 *91) -0 (‘31 *91) - K(‘Dl - 91)[1(‘31 *91)) -----

D5 (@ — %) — b (@ — ) ~ K (@ — 9, b (@ ~

(f)(ﬁh _9 ) b, Z ( = -?—Tce))w/w)%

—a)°/w)® & (A - A)) —a)“1w)

Complexity

« — ) € §1> and we can find a solution
9;) of (1) such that for some #>0,

for (@;-9;,...,®

f((Dl - 91) o af(‘bk -
which is as follows:

N (@ =9) ~F(@, = 9) . h (@D~ 9)

@ =9y, @ -
— (@ — 9,), N)H™( LTk
f( k k) ) ‘r,w( N/Y]

9k|>_ (0

Remark 2. Let } be a solution of inequality (39). Then, §is a
solution of the following integral inequality:

a5

= F(1+Tcg)

¢=0

' ( . ;M))SO"g * ix{))w_ld(g\fl—_xxig)’ o

9,) - a)/w)® & (A~ ) - a) /)

K((A -A).5(@, - 9)))

I'(1+ 760)

) _9 _ w/ NY
(@ = %) - b, ; (((ri(lki T:;)) 2

L (@,
). 2

I'(1+ 76p) =

-9

(A, —A| - a)w/w)_cQ

2 (
Z I'(1+7¢p)

¢=0

1

e I =
|

K (A = &), 5 (@ - 9%))

I'(1+ 7o)
(41)

)

(")

'a(, - &)
) B

1 r-“’ 2 (A -A) -a)fw)

I'(w) por] I'(1+ 76p)

o
Yoy

(Ok_‘()ke%l andNE%z.

(™

for every @, - 9,,.. .,

)w_ d(A - Ak) 1
-A) (A, —A) N/F Y2 ((b=a)*lw)®/T (1 +760) )’
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3. Hyers—-Ulam-H-Fox Stability for the Proof. We have d(},{) = 0if and only if §j = f. Assume that
Conformable Fractional d(H,f) = 0, then we have
Differential Equation inf{R € Fo: /' (H(@; = 9) = F(@; =), ... h(@D — 9)
Now, we use the fixed-point method based on Theorem 3 to —§(@ - %), R)

show that equation (1) is Hyers-Ulam-H-Fox stable [14] in
the MVFkB-space (7,.#, ®) with MVEF H™" [20-22]. 1@, = 9.y - 5]
We set the set # as follows: >H:‘;,"( L1 >,

N/R
# ={f: §, — JF,fisdifferentiable}, (42)

Vh,feZ, (@, -9,...,0, - 9) € TN ¢ =0,
and we consider the mapping d: # x # — &, as .l (@ =9 k= %) €8, 8

(44)
d(f,5) = inf{R € Fe: ' (§(@, - 9,) .
= (@ = 9), - B(@ = 9%) — F (@ — ), N) N (B@,—9) - F(@; = 9,)s . 5 (@ — %) - (@ — ) R)
rymn @) = 9, @ — 9 e
’H‘r,w( N/R > ’Hr,w< R/R >’
(45)

Vh,fe Z, (@ -9, ..., 0 — ) € BN € F,)

(43) forall R € 4. We assume R to zero in the above inequality,

and we get

Theorem 4. (¥,d) is a complete F,-valued metric space.

N (H(@; = 9;) = F(@ = %), h(@ =) — F(@k — %), R) = 1. (46)

Thus, H(®; = 9,,..., 0 —9) =F(®, =9, ..., @ = ) we have d(§,f) =d(f, ) for every b, fe #Z. Now, let
for every (@; —9;,...,® —9) € &, and vice versa. Also, d(§,f) =a; € F, and d(H,f) = a, € F,. Then, we have

/V(f;(wl—%)—f(an—91),---,h(a>k—ek)—f(wk—sk),N)>Hf?;“( "Dl_sl""’@k‘Sk'),

N/oy
(47)
-9,..., @, -9
N (@, = 9;) —F(@ = 9)), ... 5@ — O) - F(@x —9k)’N)?H:,1&n< 2, 1N/a2®k kl),
for every X € §,. Then, we have
N (H(@=9,) =p(@ = 9) . h(@D = ) = (@ — %) (& + x,)R)
[ (H(@ - 9) —F(@ =), h(@k = 9) = F(@k = %) (a;)R)
&N (F(@ = 9;) = p (@ = 9),. ., F (@ = %) = P (@ = )y () N)]
(48)

ka,l(,”n< |®1 - ‘91’ 'I'\Z"(Dk - 9k|)®Hm,n( |(D1 _'91"‘t"z"wk - 9kl)

T,0
— Hm’“( |(D1 _91,. . ,(Dk —9k|>

T,0 N
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sod (B, (p)) <a; +a,. Thus, d (H, (p)) <d (h, (P)+d(f, (p)).
To show the completeness of (%, d), we suppose that {f}, is
a Cauchy sequence in (#,d). Let®, - 9,,...,®; — 9 € §;.
Assume that y € §, and 0 € F;° are arbitrary and consider
R e, such that HR' (=@, =9, ..., @ = 9 /N)>1 - 6.
For aXN <y, we choose k, € N such that

d (6, ,) <a Vk, > k. (49)

Then, we have

Complexity

convergence property, we conclude that ) is differentiable,
i.e., an element of 7, and then, (%, d) is complete. O
Now, we can investigate Hyers-Ulam-H-Fox stability
and get an approximation for the solution of conformable
FDE (1). In [23-48], there are new stability problems that
one can prove them by our method. O

Theorem 5. Let (7, V, ®) be an MVFkB-space and con-

sider the constant coefficient g, E, and . Then, we have 1 =

N (B (@) = 91) = e (@ = 9), - B (@ = ) = B (3 = y4)>y)
00 oo G _ @ /,0)610
= (b (@ = 9y) = b (@ = 9,),- -, By (@ = ) = b (@ — ), aR) [Q(Zc:o ZCI'"C":C( Glrev s G ) (@ =9) ~a)™/w)
( @ =9 @ — 9k|> (@ = 9) —a)/w)*C/T ()~ ¢ + T6))E< 1.
=HL
X Suppose that the following conditions hold:
>1-8. (1) For continuous function K: §, x 7 — 7, we
(50) obtain
So we have the following equation: N (K(@, =9, F(@, - 9)) - K(@, -9, (@, - 9,)),
A (5@ - 9;) - h(@ = 9),..., (@ = ) = H(@ = 9),y)>1 -8, K (@ = 96 (@, = 9)) — K (@ — 9 5 (@ — 9)), R)
(51) N
which  implies that the sequence {f; (@, —9,), >/V(f)((ol =9 = 1@ =9 B(@ = ) - (@ - 91)’%)’
B (@, - 9,), .., B (@ — 9} is Cauchy in a complete (52)
space (7, /, ®) on a compact set &,. Then, it is uniformly
convergent to the mapping b: §; — F. By uniform (2) MVFF HT,} satisfying the following equation:
(|1 J(ol-el) i (A =A) =a)"Iw) ™ (K, - ) (10 t )wld(;\l -k
T (w) & T(1+ 7¢0) ¢ SR -A)) (A -A)
00 —ce w—
”,J(oksk)z((( -K)-a)’lw) (Ak AL )( ) (A - A) |— (53)
a o] I'(1 + 76p) Ak) (A - A)
— @ = 95, @ — 9 .
re N/E
Let §: §, — 7 be a differentiable function satisfying  for every ®; —=9,,...,®; — 9, € &, and X € {,.
the following equation:
N (Dh (@, - 9)) - eh(@, - 9;) - (@, -9, 5(@, - 9))), Proof. We set
. ={f: , fis differentiable}, 56
Db (@ = 9) = Ah (@ = 9) — K (@ — 9, b (@) = 9)), N) 8 — } (56
and introduce the $,-valued metric on % as
>_Hm,n |®1 _91""’®k_8k| .
o R/F : inf{R € Fe: /' (H(@, - 9)
(54 (@ = %) B(@ = ) — F (@ — %), R)
Then, there is a unique solution {: &, — _# for (1) such
that
a g 1@ 9@ -9y (57)
2)(1](@1_‘91)_f(®1_‘91)>~~~>I)(®k_‘9k)_f(®k_‘9k)’N) . N/R ’

— @) = 915 @ — 9]
o R(1-2)/EYZ, ((b-a)“lw)*/T(1+1c0)F )’

(55)

Vi,he Z,®, - 9,..., 0, -9 € F, R e F,} =0.

By Theorem 4, we have (%#,d) that is a complete
& 4-valued metric space. O
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Step 1. We define I from 7 to 7 by the following equation:

a)’lw)® (o-9) @ _9)—a)w)®
(@ - 9)-@2(“@ )=o), L () ((@-8) el

I'(1+ 7o) I'(w) = I'(1+ 150)
. (58)
) i ((7\1 - 7\2) - a)“’/w) Q/ (7\1 - 7\;))5<10g t >‘4’ IK((AI B 7\;)’ f((f\l ~ 7\2))) d(7\ _ 7\/)
5 TU+wo ¢ (A - &) (A - &) L
forw, -9, ¢ F(E=12,..., k), and we show IT is a strictly ~ forallf,h e Z, @, -9,,..., @ — 9 € F, and N € §,. Ap-

contractive mapping. plying (MVFkN2) and (MVFkN3), we imply that
Let f,h € # and consider the coefficient R;y € F, with
d(f,h) <Ryy; thus, we have

H(F(@,-9,)-5(@,-9),..., F(@ - 9%) - b(@ - %), Ry X)

(59)
A (Tf (@, - 9,) ~T1h (@, - 9,), ..., TTF (@ — %) — [Th (@ - %), Ry N)
o § et (O (o)t b )
_<(7\1:7\{)>s<log (Alt—7\1’)> E((A, _(;)1 i(;(\;) M) g x, - 1)
S8 (CE T M {05 L (G R
_<(7\1;7\{)>5<log (Alt—A{)>w K((A, ?;\) n;() M) - ),

”’fai ((((Dk - Sk) - a)w/w)<9 .\ 1 J(n’ok—sk) OZO: (((‘Dk _ Sk) _ a)m/w)ce i ((Ak _ 7\]:) _ a)w/a))_cg

pr I'(1+ 760) I'(w) Ja por] I'(1+ 7160) = I'(1+ 76p)

. <w>(lg o ))‘“K«Ak LS (LN 9) PP

N (A - &)
o S (@8 -a) ) 1 (o0 —a)°/w)® & (A - &) —a)“/w) "
f)a; F(1+TCQ) F(w) I Z F(1+TCQ) = r(1+TCQ)
(A =AY’ ¢ wilK((Ak - R B (A - M) Y
| ( t ) <l°g (- m) tho-h) R ”‘f“N>

1 (@9) 2 (@, - 9,) - a)lw)® & (R, ~ &) - a) /)
”(m [ 2.

I'(1+ 760) = I'(1+ 76p)
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.....

(R -ADY £ \TK (R - A F((R - AD)) - K (R~ A B((R — A))) ,
( t ><1Og(7\1—7\{)> (A, —A)) d(A, —R})

1 (@) & (@~ 9) —a)*1w)® & (R ~A0) —a)*Jw) [ (R~ A’
[ 5 )(:

w-1
t
T'(w) Ja = T'(1+ 760) o T'(1+ 76p) \ ot °8 (A - 7\,2))

K (R = A, (A — A))) = K (A = A H (A — A0)))
(A = Ae)

>/V< wa)i((((o1 9)-a /w)“’i(ﬂ 1A -a)'lw)

T'(1+ 76p) I'(1+ 760)

d(Ae - A, mmx>

( (A, ;A{))S(log . ‘ A{))fulf(m - 7(\;’\)1—_%7)\1 M) g - )

(@9 & k= 9%) - a)lw) & (A —Ap) —a)*/w « k et
LJ Sz(((ﬁ) ) )/)Z(A A lo) (A - A)(log( t >

T Ja P T (1 + 76p) Pt I(1 + 7¢p) \ ot A —A)
F(A = A) =B (A - Ap) fh”
(hoh) M
mn “a)) 1 (@9) & (A - A]) -a)/w)
#Ha ('z 1+occg) I'(w) Ja ;‘) I'(1 + 7¢p)

(B0 (g )“umrmo
g 7 )
t (Al _7\1) A1 _Al

Z (@ - 9) - ) /@)® 1 J(mk—sk)i((ﬂk &) - ) Cg/ (A —A) ) <log (Akixé))wl

] I'(1+ 76p) I'lw) Ja = I+ Tcg) \ t

d (A, ‘WL)

(A - &) Ng

Complexity

ma [ (@ - 9) - a)/w)® («m 9) —a)*/w)® 1 (@9 Q((R ~A]) -a)/w)
#Heo <|Z 1 + qu) """ Z T'(1+ 7c) I'w ,[ CZ(:) F(l + 760)
..... ﬁ”%“mkn>@m0Wme§ﬁ% f,f”
&~ T(1+ 760) \ ot (A —A)
d(A - Ak)] | _>
(R —Ap) | Nl
>Hm,n l‘Dl - ‘91 """ (Dk - ‘9kl

.....

which implies that

T,0 C
N/Q<Z?:O Z?flqkq( >(((®1 = 9) = a)*/w0)"® - (@ = ) = @) /@) * T (g1 -+ g + Tc9)>E
S1 Sk

(60)
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d(H(f),H(f)))S{(J(i i < ¢ >(((®1 ) 61) /w)qg ((((Dk Sk) a) /w)CkQ>Emf (61)
G1 Sk

6=0¢;=¢ \ Gy ... r (Cl Okt TCQ)

SO

00 00 G _ _awwﬁg‘“ _ _awakQ
G Sk

6=0 6;6k=6 \ Gy» - - -» T (61 ¢k +760)

Step 2. We will show that d (I1(§), §) < co.
00 yoo S ® P
where 0<p(2<_0 ch"-ck-C(g c )((((31 —9;) —cc)®/ Let § € #, we have

.......

@)1 (@ = 9p) = €)1 w) /T (6y -+ G +760)) E<1;
therefore, IT is a contraction mapping.

A (TG (@ =91)) = (@, = 9)), . TH(@ = %)) = H(@ = %) R)

_/V<h Z( F(lzrcg))w/w)cg+r(lw> J:Ol_sag((( r(1+rcz)) /w)cgi(A _ri\({l);:c):;w)cg
O

T R
((&f@))s(log(ﬂkim)‘“IK«M—?iz,f)%k—A,:»)d(ﬂk_x,;)_mak_sk),z«) o
>Hi',';,“<|2((rb(zi):g))cg[r(lﬂ) J:Ql_sag((( T7(\1+Tcg) )CQ< . )<logﬁ>wl
O M n L B R (E (P

e Atli)]'_)

S @, =95, @ — 9
e %) © o .
R/FYZ (b= a)/w)*®/T (1 + 160)E

Consequently, we obtain the following equation: for every X € ¥, and E < 1. Then, we have d (I1(}), §) < co.
i ( - a)° /w)cg Therefore, all the conditions of Theorem 1 hold. Then, we

7 h
d(11h, §) < F;) (1 + 7cQ) E < o0, (64) ave
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(1) The sequence {II°f} converges to a fixed point such as

(2) The unique element | is in the set
" =1{h e : d(11h,) < co} and is the unique fixed

Complexity

point of I, which means IIf = { or equivalently as
shown in the following equation:

S ((@-9)-a) ) 1 [ ((@,-9) - a)fa)® ~a)fa)
f@,-9) = f“Z I'(1+ 760) +F(w) L ; T'(1+ tcAh) Z I‘(l+rcg)
(65)
A -R)Y t K((A=R) P (A =R)) ;s 5
() (e ) R0
wherei=1,...,k. Now, we show the uniqueness of the obtained point. For

Since f is a differentiable function, by the CFD and
according to (65) and Lemma 1, we have

Df(@-9=ef(@-N+K(@-9f(@-9). (66)
(3) Using inequality (64), we get
1
d(1,) <—— d (115, )
(67)

JFES ((d-a)’/w)®/T(1 + 160)E
h 1-2 '

Thus, equation (1) has the Hyers-Ulam-H-Fox sta-
bility property.

1

convenience, we consider the following equation:

cm %0 (b—a)“/w®/T (1 +Tcg)E
1-2

(68)

and let g be another differentiable function satisfying
equation (66), and this means that the following equation
holds:

D,a(@ - 9) = of(@-9) + K(@-9,g(@-9)). (69)

We are ready to prove that g is a fixed point of IT and
g € #". Using equation (69), we get IIg = g. Now, we show
that d(I1h, g) < co. Let § € #, d(h, g) <€, and from equa-
tion (69), we get

¢ ~ _
N/W<Z?§O Zgﬁnc}(_g( > (@, -9y) - a)w/“’)C1n o (@ =9) - a)w/“’)c‘(n/r (61w + Tcﬁ)>é
[STRERELY

|, = 9y,...,

@ _‘9k|

m,n
=H

Then, we have

00 (&8 S "
d(ITh,g) < lp(Z Z < )(((GDI - 91) - a)‘”/w)cm
6=0616k=¢ \ Gp5 -+« Gk

T,0 c ~ R
NN@(ZSSO Z?lo...ck—c< > ((@, = 9)) = a)“Iw)™ - (D = 9) — a)1w) ™ IT (g -+~ ¢ + Tgﬁ)><‘>E
C1> LRI Ck

>

(70)

.. (W)cwn(cl gt Tqﬁ))E:|e <co. (71)
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4. Example Example 1. We consider the following conformable FDE:

Now, we provide numerical examples according to the re-
sults obtained.

D f(@-9)=f(@-9) +

1 (fz(o—S)

5+(@-9 \f(@-9+ 1)C05(f(®—9)), (@-9) € (1,2]

(72)

f(1)=1

where w=1/2,0=19=1/8, for ¢=1,(®, -9)=2, (@ —9)). Let for mapping £ and the MVF control function
7 = 1wehave 1 = 0/4618 < 1. Also, in this equation, K(®@ -  HT,', we have
9,f(@-9)=1/5+ (@ - 9*(F(@-9)/ f(@-9)+1) cos(f

@)
N (K (@, = 9),F((@, - 9,))) - K((@, = 9,), 5 (@, = 9)))), - - -»
K (@ = 9) F (@ = %)) = K (@ = 9> H (@4 = 9))) N) (73)
>/V<f((®1 =9)) = 5((@ = 9)) - > F((@ = 9)) - (@ - Sk))’%)

()

- J(‘Dl-Sl)i((Z(?\l—M)—a)”z)_“‘) PR\ (o £ ) AR -RD
wi\rtan (). I'(1+1co) f SA-A)) (A -A)

-0
1|> (74
N

| J (0r-5) f -2 -a)") /(A - A,;))S (log . t )‘”‘ld(xk )

o & TO+te) ot M) (Re-K)
— @, -9y, ..., O — 9
e N/1/2

If € C([1,2],R) be a differentiable function such that

./V@}/Zh((bl -9)-h(@, -9)- - (a)l_ S )2 (hf()w(lw_ls_l;):_)1>cos(h((bl -9)).. s
D120 (@~ ) ~ (@~ %) - - ((Dkl_ 97 (h?@iw—k{;kflf 1)cos(f) (@ = 9)), N> (75)
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then § is a solution of the inequality

~9,) - a)1/4)<

(4@
‘/V< ~ha Z F(1+1c)
(@-9) @ (4(@, - 9,) - a)"*) 2 ((4(h, 1) -a)")
1 J (4( ) )Z((( )-a)")

T(/4) ). T(1+1¢) T(1+10)

¢=0

NG, (829 (- )‘3/4d<xl—a;>

60, - M) +6 M=A)) =AY

¢=0

o ((4@c-9)-a)"™) 1 s @ ((4(-9) -a)")’
(@ = 9) - fz T(1+10) _r(1/4)J 2

= I'(1+19)

@ ( (4 - ) - textgothc) M=A)+1 )
3 NG o, a0

= I'(1+179) 6(Ak— M) +6
_(M—M&Xl t *“ A~ X)

< t % (A - /\k) (A - /\k)
(1 (@R (A0 A - )"y t o\ a0 -1)
Heo '<r(1/4) J CZO T(1+7¢) ( ) (log (o8 —Al’)) =AD"

1 J(ok sk)i((z;(ak ~a)") /Ak—)L,L)>S<IO t )‘3’4d(Ak-Ak')l 1 )

"T(1/4) e T(1+79) \" ¢ Eh-1)) 1) RABYS, @I (1+19) )
(76)

and thus, we can find a unique differentiable function
f € C([1,2],R) from (72) such that for each (@ - 9) € [1,2],
we have

_9) - i(z«wi -9) - 1)1/2)c

por] T'(1+¢7)

. J(a,.s,,)i( (@ - 9)—1”2)§( 2(A-A-1") (A - ;\)( t )‘“2 77)

log——
) L T(+en & T+ \ ¢ 83 A,

15+ (@; - Si)z(fz (@; = 9,)/f((@; - 9;) + I)COS (f(@;-9))
- %)

d(A - R),

foranyi=1,..., k. Therefore
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200000 -

100000 -

-100000 -

—-200000 +

FiGgure 1: Exact solution of Example 1 for (@ —9) € [1, 10].

200000

100000

—-100000

FiGURrE 2: Exact solution of Example 1 for (@ —9) € [1,10].

2 & 2¢
d(h,f) ﬁﬁ ;mﬁ

N (H(@, = 9) —F(@ = 9) -, (@ = ) — F(@k — %), R)

o |@; = 9y, .., @ — 9]
=H_ .
O\ R =-2)/2 32 2°/T (1 + 16)F

(78)

In Figures 1-8, the exact solution of conformable FDE
(72) for 7 =1/2,s = 1,t = 1/4 is demonstrated.

Example 2. We consider the following conformable FDE:

19

100000

50000

£ 0

-50000

-100000

-150000

FiGURE 3: Exact solution of Example 1 for (@ —9) € [-10, 10].

100 w-v
FIGURE 4: Exact solution of Example 1 for (@ —9) € [-100, 100].

FIGURE 5: Exact solution of Example 1 for (@ —9) € [-300, 300].
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x 1010
2.5 1
2.0 4
1.5 4
f
1.0
5.0 1
0 T T T T T T T T
20 40 60 80 100 120 140 160
wv
FIGURE 6: Exact solution of Example 1 for (@ —9) € [-300, 300].
@-9+1 .
®1/4f(® - =f(@-9+ ——5——sin(f(® - 9), (@-9) € (1,2]
6(@-9)"+6 ) (79)

f(1)=1

where w ==1/4,p =1, =1/100, for ¢=2, (®, - 9,) =4,
7 = 2wehave 1 = 0.004274 < 1. Also, in this equation, f (@ —

9,f(@-9) = (@-9 +1/6(@~ 9)* +6sin(f(@ - 9)). Let
for mapping ¥ and the MVF control function H7", we have

N (K((@; = 9), f((@; = %)) - K((@; = 9;), h((@; = 9))), - -»
K (@ = 9), F((@k = 9%))) = K((@k = %), H((@x - %)), X) (80)
=N (F(@ = 9)) = 5((@ = 91))s - F (@ = 9)) — H((@k — 9)), L0OR).

M

mn (@,-9, ( _7\)_ 1/4) / ¢ _3/4d(7\1—7\1’)
H <|1“(1/4) U £ T(1 + 7p) \ ¢ )(Og(fl—f{)> (A=A}’

,,,J(mk9k) i (4(;\k ~A) - )1/4 (Ak Ak)) (log Ak)>3/4d(7\k _Ak):l |> (81)

a = I'(1+ 7¢p) (A —A)) R

>H:f‘;,"< |@, - 9, ;L.I\.z,ok - 9k|>'
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x 107

8.0 1 "
7.0
6.0
5.0 1
f
4.0 A
50

3.0 1

2.0

1.0

0_

60

-1.0 <

FiGure 7: Exact solution of Example 1 for (@ —9) € [-100, 100].

200000 -

100000 -

‘ ‘ AVA/}M
-10 -5 0 VSVW

-100000 -

-200000 -

FiGure 8: Exact solution of Example 1 for (@ —9) € [-10, 10].
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FIGURE 9: Exact solution of Example 2 for (@ —9) € [1, 10].

7 6

9 8

Ficure 10: Exact solution of Example 2 for (@ —9) € [1,10].

If h € C([1,2],R) be a differentiable function such that

N Qji/4f)(‘?°1 -9)-h(@, -

Dy, b (@ - %) - h(@ - %)

T 6(@, - 9,)°+6

—msm(f) (@ = %)), R
k — Vk

|@, —91,...,®k—9k|)

>H‘T‘};,“< IR

\ -9+
9) @ ) lsin(f)((;)l—f)l)),...

Complexity

(82)
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FiGgure 11: Exact solution of Example 2 for (@ —9) € [1, 10].

then § is a solution of the inequality

y 0202(4(@1“91)‘“) )

T'(1+19)

(@:-9) 4(@, -9, a1/4 0 _7\ _ 1/4 =<

CT(1/4) Ja T(1+7¢) F(1+Tc)

¢=0 ¢=0

V(A -A) +1 sin(5 (A, - 7\{))( (A, ;7\1’))5(10 t )‘3’401(7\1 -A)

6(h - A +6 Sh-A))  R-A)TTT

5) - fuz((él(wk %) -a)") 1 j(ok-sk)oo((4(mk-9k)—a)”4)‘

b (@ = I'(1+19) F(1/4) a o T'(1+ 1)
(83)
© ((4(h ~A) - )" R -R)+1 ,
> —sin(§ (K~ A)
= I'(1+ 79) 6(Ae — ) +6
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and thus, we can find a unique differentiable function
f € C([1,2], R) from (79) such that for each (@ - 9) € [1,2],
we have

Complexity

R (4((@1' -9) - 1)1/4)g
f(mi_Si)_; r(1+CT)
1 (@rs,.) [ (4((@1 _ 91) _ 1)1/4) 0 (2 (7\1 _ 7\1 _ 1)1/4)_C/7\i _ 7\2 s £ -3/4
"T/4) Jl CZO L(1+¢1) ;) F(l+er) \ f ) <log7\,~—7\§> A

V(@ - 9) +1/6(@; - 9,)° + 65sin (5 (a;

-9)) ,

(%)

for any i = 1,..., k. Therefore

4 & & 1
d(f))f)ﬁﬁ meg,

¢=0

N (@, =9) —F(@ =9,).. .. 5(@ = O) — F(@% — &%), R)
>H'T"‘(;“<

Figures 9-11 show the graphs related to the exact so-
lution of conformable FDE (79) for 7 = 2,s = 1,t = 1/4.

@) =9y, .., @ — 9
R(1-2)/4Y2, 2T (1 +1¢)x 1/3 )0

(85)

5. Conclusion

In this paper, we introduced the H-Fox function as a
matrix value fuzzy control function, and by considering
the matrix-valued fuzzy k-normed spaces, we investigated
the stability of a class of conformable fractional differ-
ential equations with a constant coefficient. The alterna-
tive fixed-point theorem is used in different spaces.
Therefore, we used the Radu-Mihet method, which is
derived from the alternative fixed-point theorem, to in-
vestigate the existence of a unique solution and the
Hyers-Ulam-H-Fox stability for the conformable frac-
tional differential equations in the matrix-valued fuzzy
k-normed spaces. The Riemann-Liouville fractional de-
rivative and the Caputo fractional derivative have prop-
erties that cause high incompatibility and computational
complexity in fractional calculations. To remove these
obstacles and overcome these inconsistencies, an adapt-
able fractional derivative has been introduced, which we
use because of these advantages.
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