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ABSTRACT. We say a module Mg a semicommutative module if for any m € M and any
a € R, ma = 0 implies mRa = 0. This paper gives various properties of reduced, Ar-
mendariz, Baer, Quasi-Baer, p.p. and p.q.-Baer rings to extend to modules. In addition
we also prove, for a p.p.-ring R, R is semicommutative iff R is Armendariz. Let R be an
abelian ring and Mgz be a p.p.-module, then Mpg is a semicommutative module iff Mg is
an Armendariz module. For any ring R, R is semicommutative iff A(R, «) is semicommu-
tative. Let R be a reduced ring, it is shown that for number n > 4 and k = [n/2], T*(R)
is semicommutative ring but T~ *(R) is not.

1. Introduction

Throughout this paper all rings R are associative with unity and all modules
M are unital right R-modules. For a nonempty subset X of a ring R, we write
rr(X) = {r € R| Xr =0} and Ig(X) = {r € R | rX = 0}, which are called
the right annihilator of X in R and the left annihilator of X in R, respectively.
The notation “<” will denote a submodule. Recall that a ring R is reduced if R
has no nonzero nilpotent elements. Observe that reduced rings are abelian (i.e., all
idempotents are central). In [5] Kaplansky introduced Baer rings as rings in which
the right (left) annihilator of every nonempty subset is generated by an idempo-
tent. A ring R is called quasi-Baer if the right annihilator of each right ideal of
R is generated (as a right ideal) by an idempotent. These definitions are left-right
symmetric. A ring R is called a right (resp. left) principally quasi-Baer (or simply
right (resp. left) p.q.-Baer) ring if the right (resp. left) annihilator of a principally
right (resp. left) ideal of R is generated by an idempotent. R is called a p.q.-Baer
ring if it is both right and left p.q.-Baer.

Another generalization of Baer rings is a p.p.-ring. A ring R is called a right
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(resp. left) p.p.-ring if the right (resp. left) annihilator of an element of R is
generated by an idempotent. R is called a p.p.-ring if it is both a right and left
p.p-ring. A ring R is called Armendariz if whenever polynomials f(x) = 3" a;z* €
Rlz],g(z) = Y ba' € R[z] satisfy f(z)g(z) = 0, we have a;b; = 0 for every i and j.
A ring R is called semicommutative if for every a € R, rr(a) is an ideal of R.
(equivalently, for any a,b € R, ab = 0 implies aRb = 0). An idempotent e € R is
called central if xze = ex for all z € R. An idempotent e? = ¢ € R is called a left
(resp. right) semicentral idempotent if eR (resp. Re) is a two sided ideal of R.

According to Lee-Zhou [6], a module Mp, is called a-reduced if, for any m € M
and any a € R,

(1) ma = 0 implies mRN Ma =0
(2) ma =0 iff ma(a) =0,

where a : R — R is a ring homomorphism with «(1) = 1. The module Mp is
called reduced if Mg is 1-reduced. In [8] Lee-Zhou introduced a Baer, quasi-Baer
and p.p.- module as follows: (a) Mg is called Baer if, for any subset X of M,
rr(X) = eR where ¢? = ¢ € R. (b) Mg is called quasi-Baer if, for any submodule
N of M, rr(N) = eR where €2 = ¢ € R. (¢) Mg is called p.p. if, for any m € M,
rr(m) = eR where €2 = ¢ € R. In [2] the module Mg, is called principally quasi-
Baer (p.q.-Baer for short) if, for any m € M, rr(mR) = eR where €2 = e € R. In
[3], the module Mg is semicommutative module if for any m € M and any a € R,
ma = 0 implies mRa = 0, and the module Mg is called Armendariz if whenever
polynomials m(z) = > ma* € M[z], f(z) = . a;x* € R[x] satisfy m(x)f(z) = 0,
we have m;a; = 0 for every ¢ and j.

Let M be a right R-module and S = Endr(M). Then M is a left S-module,
right R-module and S— R-bimodule. In [11], Rizvi and Roman call M a Baer module
if the right annihilator in M of any left ideal of S is generated by an idempotent of
S(or equivalently, for all R-submodules N of M, Ig(N) = Se with €2 = e € S); and
M is a quasi-Baer module if the right annihilator in M of any ideal of S is generated
by an idempotent of S(or equivalently, for all fully invariant R-submodules N of
M, Is(N) = Se with €2 = e € S). Among others they have proved that any
direct summand of a Baer (resp. quasi-Baer) module M is again a Baer (respect.
quasi-Baer) module, and the endomorphism ring S = Endg(M) of a Baer (resp.
quasi-Baer) module M is a Baer (resp.quasi-Baer) ring (see Theorem 4.1 in [11]).
They gave several results for a direct sum of Baer (resp. quasi-Baer) modules to be
a Baer (resp. quasi-Baer) module.

We shortly summarize the content of the paper. In [1, Proposition 2.7] it is
shown that if Mg is a semicommutative module, then Mg is a Baer module if
and only if it is a quasi-Baer module, and Mpg is a p.p.-module if and only if it
is a p.q.-Baer module. In Proposition 2.7 we prove that for an abelian ring R
and a p.p.-module Mg, Mg is a semicommutative module if and only if it is an
Armendariz module. In Proposition 2.11 for a semicommutative ring R we show
that R is a p.p.-ring if and only if R[z] is a p.p.-ring, R is a Baer ring if and only
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if R[z] is a Baer ring, R is a p.q.-Baer ring if and only if R[z] is a p.q.-Baer ring,
and R is a quasi-Baer ring if and only if R[z] is a quasi-Baer ring. In Proposition
2.13 we prove that for any ring R, R is semicommutative if and only if A(R,«) is
semicommutative, and in Theorem 2.15 for a reduced ring R and any integer n > 4
and k = [n/2], we show that T¥(R) is semicommutative ring but T*~1(R) is not.

Examples.

1. Every reduced module is semicommutative but the inverse is not true. For
example, Z,, is semicommutative for any n € N, but is reduced for only square-free
n.

2. For any commutative ring R, any module Mg is semicommutative.

3. Let D be a division ring, R = [ 10) g ], and A = [ 8 g } Then Apg is
a semicommutative module.

From [4, Example 2] and [10, Proposition 4.6] we want to restate next results:

1. If a module Mg is semicommutative then M z] [, need not to be semicom-
mutative.

2. If a semicommutative module Mg is Armendariz, then M|x]|g[,) is a semi-
commutative module.

2. Semicommutative modules

We start with some preliminary results on semicommutative modules and rings.
Some of the results are known but we state and give their proofs for the sake of
completeness.

Lemma 2.1. Let Mg be a semicommutative module.

(1) If e = e € R with rr(m) = eR for some m € M, then e is left semicentral
idempotent.

(2) For any e* = e € R, mea = mae for allm € M and all a € R.

Proof. (1) Let €2 = ¢ € R with rr(m) = eR for some m € M. Then me = 0.
To prove e is left semicentral we show teR < eR for any t € R. For any t € R,
then met = 0. By (1), mte = 0. Hence te € rg(m) = eR, and so teR < eR This
completes the proof.

(2) See also [1] for a proof. For 2 =e € R, e(1 —¢e) = (1 —e)e = 0. Then for all
m € M, me(l —e) =0 and m(1 —e)e = 0. Since Mg is semicommutative, we have
meR(1 —e) = 0 and m(1 —e)Re = 0. Thus, for all a € R, mea(l —e) = 0 and
m(1 — e)ae = 0. So, mea = meae and mae = meae. Hence, mea = mae for all
ac R g

Proposition 2.2. Let M be a semicommutative module. Then the following con-

ditions are equivalent:

(1) Mg is a p.q.-Baer module.

(2) The right annihilator of every finitely generated submodule is generated (as a
right ideal) by an idempotent.
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Proof. (1)=(2) Assume that Mg is p.q.-Baer and N = Zle n; R is a finitely gener-
ated submodule of M. Then rg(N) = ﬂle e;R where rr(n;R) = ¢; R and e? = e;.
By Lemma 2.1 each e; is a left semicentral idempotent, a routine argument yields

an idempotent e such that ﬂle e;R = eR. Therefore, rr(N) = eR. O

Corollary 2.3 [2, Prop. 1.7]. Following conditions are equivalent for a ring R :

(1) R is a right p.q.-Baer ring.

(2) The right annihilator of every finitely generated ideal of R is generated (as a
right ideal) by an idempotent.

Proposition 2.4. Let Mg be a semicommutative module. Consider the following
properties:

(1) Mg is a Baer module.

(2) Mg is a quasi-Baer module.

(3) Mg is a p.p.-module.

(4) Mg is a p.q.-Baer module.

Then (1) < (2) = (3) & (4).

Proof. See [1, Proposition 2.7]. O

Proposition 2.5. Let R be an abelian ring and Mg be a p.p. module. Then Mg is
a p.q.-Baer module.

Proof. See [1, Proposition 2.15]. ]
Corollary 2.6. Abelian right p.p. rings are right p.q.-Baer.

Proposition 2.7. Let R be an abelian ring and Mg be a p.p.-module. Then fol-
lowing conditions are equivalent:

(1) Mg is a semicommutative module.

(2) Mg is an Armendariz module.

Proof. (1)=(2) Let m(z) = Y mz' € M[z], f(z) = > a;a? € R|z] satisfy
m(x)f(x) =0. We have the following system of equations:

moao — 0 ............... (1)
moal + miag = O reei (2)
moas + mia + maag = 0 +oveveieiiiins (3)
mtas == 0 ............... (n)
for some s and ¢.
Let r(mg) = egR,r(m1) = e1R,r(m2) = eaR, -+ ,7(my) = e, R for some idem-
potents eg,e1,ea,-+- ,e; in R. Then ag € r(mg) = epR. Since R is abelian,

ap = egag = apeg. Multiply (2) from right by ey to obtain
moaieg + miageg = 0
From semicommutativity of Mg, mgeg = 0 implies mgaieg = 0. Then miapey =
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miag = 0. So moa; = 0 from (2).
Now multiply (3) from right by e:
moaseg + miaieg + moageg = 0
From semicommutativity of Mg, mgeg = 0 implies mgaseqg = 0. Then miaieq +
moapey = myiai + moag = 0
Hence mgas = 0 by (3). Continuing this process we get:

moag = Moa1 = Mol = -+ = Mols = 0.
If we use these equalities, the equations (2), (3), ---, will be :
Mg =0 ceeereeeeen (2’)
M1A] + Moy = 0 vvvrreerennnns (3"
Mg =0 coereeeeennn (n’)

Applying the same method to these equalities we get miag = mia; = mias =

e =mqas = 0.
Continuing this process we will have:
Moo = MaG] = Mol = -+ = Maoas = 0---myas = 0.

So m;a; = 0 for any 1, j.

(2)=(1): Let ma =0form € M, a € R. For any r € R take m(x) = mz+mr €
M(z] and f(z) = —az+ra € R[z]. Then m(x)f(z) = (mz+mr)(—az+ra) = mria.
By hypothesis ma = 0 implies a € r(m) = eR for some idempotent e € R. Then
a = ae = ea. So, m(z)f(z) = mr?a = mr?ea = mer?a = 0 since R is abelian. As
Mp is Armendariz, we get mra = 0 for any r € R. g

Corollary 2.8. Let R be a p.p.-ring. Then the following are equivalent:
(1) R is a semicommutative ring.
(2) R is an Armendariz ring.

Proof. In Lemma 2.1 take M = R, then every semicommutative ring is abelian for
(1)=(2) and from [6, Lemma 7] every Armendariz ring is abelian for (2)=-(1). O

Proposition 2.9. Let Mp be a semicommutative module and R is a reduced module.
Then Mg is an Armendariz module if and only if its torsion submodule T(M) is
Armendariz.

Proof. Assume that the torsion submodule T'(M) of M is Armendariz as a right R-
module. Let m(z) =Y mjai € M[z], f(x) = Y a;2" € R[z] satisfy m(x) f(z) = 0.
We have the following system of equations:

moag = 0
moa1 + miag = 0
moas + mia; +meag = 0

mias = 0
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for some s and t.

We may assume ag # 0. Multiplying by ag, the second of these equations yields
mlag = 0. Thus a(% annihilates both mg and my. The third equation now implies
maoad = 0. Continuing we get m(z) € T(M)[z]. Since T(M) is Armendariz as
R—module, we conclude that m;a; = 0 for all ¢, 7. The other implication is trivial.
O

Given a ring R, the formal power series ring over R is denoted by R][[z]].

Lemma 2.10. Let R be a semicommutative ring.
(1) Every idempotent of R[x] is in R.
(2) Every idempotent of R[[x]] is in R.

Proof. From [6, Lemma 8]. O

Proposition 2.11. Let R be a semicommutative ring.

(1) R is a p.p.-ring if and only if R[x] is a p.p.-ring.

(2) R is a Baer ring if and only if R[z] is a Baer ring.

(3) R is a p.q.-Baer ring if and only if R[z] is a p.q.-Baer ring.

(4) R is a quasi-Baer ring if and only if R[z] is a quasi-Baer ring.

Proof. (1) Assume that R is a p.p.-ring. From Corollary 2.16, R is an Armendariz
ring. Then by [6, Theorem 9|, R[z] is a p.p.-ring.

Conversely, assume that R[x] is a p.p.-ring. Let a € R. By Lemma 2.10 there
exists an idempotent e € R such that rp[,)(a) = eR[z]. Hence rr(a) = rpp(a)NR =
eR and therefore R is a p.p.-ring.

(2) Assume that R is a Baer ring. Then R is a p.p.-ring. By Corollary 2.16 R
is an Armendariz ring. From [6, Theorem 10] R[z] is a Baer ring.

Conversely, assume that R[z] is a Baer ring. Let B be a nonempty subset of
R. Then rgp(B) = eR[x] for some idempotent e € R by Lemma 2.10. Hence
rr(B) = eR and therefore R is a Baer ring.

(3) Assume that R is a p.q.-Baer ring. Let t(z) = ag + a1 + - - - +a,2* € R[z].
By assumption rr(a;) = ¢,R = rg(a;R), for all i = 0,1,2,--- ,n. By Proposi-
tion 2.5 M_grr(a;R) = eR,e = eper---e,. Let f(x) € rgp(t(r)R[z]). Then
t(z)R[z]f(x) = 0 implies t(z)Rf(xz) = 0 and a;Rf(x) = 0 for all j = 0,1,2,...,n.
So a;Rb; = 0, hence b; € NI_yrr(a;R) = eR and b; = eb; for all 4, j. Then
ef(x) = f(x) implies f(z) € eR[z].

Conversely, assume that R[z] is a p.q.-Baer. Let a € R. There exists idempotent
e € R such that rgp,(aR[r]) = eR[x]. Then rgy)(aR[r]) N R = (eR[z]) N R = eR.
Since 7r(aR) = rpp(aR]z]) N R, we get rr(aR) = eR.

(4) Assume that R is a quasi-Baer. Let A be an ideal of R[z] and A* be the
set of all coefficients of elements of A. Then A* is an ideal of R, so rr(A*) = eR
for some idempotent e € R. Since e € rg(,(A), we get eR[z] C rg;)(A). Now, let
f=bo+bix+-- +b,2" € 1Ry (A). Then Af = 0 implies Ab; = 0, so A*b; = 0 for
alli=0,1,2,--- ,n. Hence b; € rr(A*) = eR and b; = eb; for all i. Consequently,
f € eRx].
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Conversely, assume that R[z] is a quasi-Baer ring and A is an ideal of R. Then
Alz] is an ideal of R[z]. Hence 7pg[,)(A[z]) = eR[z]. Intersecting both sides with R
we get rppp)(Alz]) N R = eR[z] N R = eR. Since 7r(A) = rgiy(Alz]) N R, we have
rr(A) = eR. O

Proposition 2.12. Let My be a p.p.-module. Then Mpg is a semicommutative
module if and only if mre = mer, for any m € M,r € R, and ¢®> = e € R.

Proof. Assume that mre = mer, for any m € M,r € R and ¢> = ¢ € R. Let
ma = 0 for m € M, a € R. Then a € r(m). By hypothesis r(m) = eR for

some €2 = e € R. Hence me = 0, a = ea, and so mra = mrea. By assumption
mrea = mrae = mera = 0 for any r € R. So mra = 0 for any » € R. The rest is
clear from Lemma 2.1. O

Now we consider D. A. Jordan’s construction of the ring A(R,a) (See [5] for
more details). Let A(R,a) or A be the subset {x~rz’ | r € R,i > 0} of the
skew Laurent polynomial ring R[r,z71;a], where a : R — R is an injective ring
endomorphism of a ring R. Elements of R[x,z7!;a] are finite sums of elements of
the form z=7rz’ where r € R and i, j are non-negative integers. Multiplication is
subject to xr = a(r)x and rz~! = 2~ ta(r) for all » € R. Note that for each j > 0,
a7t = =)ol ()24, Tt follows that the set A(R,«) of all such elements

forms a subring of R[z,z™!;a] with
et 4 Iy = :v_(“‘j)(aj (r) + ai(s))x(i—&-j)
(z7ra)(x T s2?) = a0 (d (r)al(s))zHD)

forr, s€ Rand ¢, j > 0.

Proposition 2.13. The following are equivalent for a ring R:

(1) R is semicommutative.

(2) A(R, o) is semicommutative.

Proof. (1) = (2). Let (2 %ra®)(z7/s2’) € A(R, ). Suppose that (z~'rz?)(z 7 s2?) =
0. Then 2=+ (ad (r)al(s))z(H7) = 0 and so o/ (1)a’(s) = 0. Hence o* (o (r)a’(s)) =
ok i(r)ab*i(s) = 0, and o TE(r)adTi(t)a’tF(s) = 0 by (1). For any z %tz ¢
A(R, o)

(7 rx?) (@ " ta®) (2T s27) = 2= TR (&P (1)l () a0TR) (277 s27)
— .T_(i+k+j)04j(Ock(T)ai(t))ai+k(s)x(i+k+j)
= g~ D) QI HR (1) 0+ (1) o T () £ (HRHD),
(2) = (1) From the fact that R < A(R, «), R is semicommutative. O

Proposition 2.14. Assume that the ring S = R[z]/(z™) is a semicommutative ring
for anyn =2,3,---. Then R is a semicommutative ring.

Proof. Let ab = 0. Take f(z) = a+ (z™), f(z) =b+ (™) € R[z]/(2™) = S. Then
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f(z)g(x) = 0g. By assumption (a + (z™))((r + (z™))(b+ (™)) = 0. So arb € (z™)
implies arb = 0 for any r € R. ]

For a reduced ring R, it is interesting to find which subrings of T),(R) are
semicommutative. For this purpose, we introduce some notation. For number
n > 4 and any m from set {1,--- ,n}, we let

n—mmn—m

Z Z TijEjm+i) © aj,7i5 € R},

i=j j=1

n m
' (R) = {ZZ%‘E(FJ‘H)i +

i=j j=1

where {E; ; : 1 <,j < n} are the matrix units. Then each element of 7))"(R) has
the matrix form

a; as Am A1(m+1) G1n
0 a Am—1 am A2n
0 0 a1 a3n ,
a1
where a1, -, am, A1(m+1)s """ 5 An—m)n € R.

Theorem 2.15. Let R be a reduced ring. Then for number n > 4 and k = [n/2],
TF(R) is semicommutative ring but TF~1(R) is not.

Proof. Let A = Z;L_:lk Eiitk—1) » B = E@n_p41)n € TF=Y(R). Then AB = 0. But
for C =37, >, By € Ty7'(R), ACB # 0. So T)™'(R) is not semicommu-
tative. To complete the proof that T (R) is semicommutative ring for n > 4 and

k = [n/2], it is enough to consider the case n = 5. The same proof will work for
any n >4 and k = [n/2]. Let n =5. Then k = 2. Let

ap a2 aiz a4 Aais by by biz bis bis
0 a1 a2 ass ass 0 b1 by bay bos
A = 0 0 aq as ass s B = 0 0 bl b2 b35
0 0 0 al ag 0 0 0 b1 bQ
0 0 0 0 a1 0 0 0 0 b

be elements of T2(R) and AB = 0. We show that each term in the following system
of equations obtained from AB = 0 is zero:

AlBl : a1b1 =

A1B? : ayby + ashy

A1 B3 : aibis + asbs + a13by

A1B* : arbig + asbog + aizbs + aiaby

A1B? : a1bis + asbas + aisbss + a1abs + ai5hy
Ay B* : a1bog + asbs 4 azaby
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AQB5 : a1b25 + CL2b35 —+ 0,241)2 —+ a25b1 =0 .00 (7)
A3B® i aybss + asby 4+ azshy =0 ceeeeenns (8)
To prove each term in these equations(n = 5 or any other n) is zero,

we will proceed as follows: For 1 < j < k we show all terms of AB’ are
zero. Next for 0 < i < n — k — 2 we prove each term in the equations
Ay BV Ay BT A, __;B™ is zero. By using preceeding results fi-
nally we show each term of the equations A; B**! ... A;B"™ is zero.

Note that by hypothesis from rs = 0 for any r and s in R we get sr = 0 and
rRs = 0. Also from 725 = 0 we have (rs)? = 0 and so Rs = sr = 0. We make
use these implications without referring to the hypothesis. Now multiply (2) from
left by a;, we have a?by + ajazb; = 0. By (1) and hypothesis, ajasb; = 0. So
atby = 0 and then ajby = 0. From (2), azb; = 0. Left multiplying (3) by ay,
we have a?b;3 = 0. Hence aijbiz = 0. Then (3) becomes asbs + azb; = 0. Left
multiplying this equation by as, we have a%bg = 0 = agby. Hence ai3b; = 0 from
(3). Hence each term in the equations (1), (2) and (3) are zero.

Now we left multiply (8) by a; and obtain a3bzs = 0 since a;by = 0 and a;b; = 0
imply ajasbs + arassby = 0. From (8) asbs + agsby = 0. Left multiply the latter by
az and use agb; = 0 we get a3by = 0. Hence azbe = 0. By (8) azsb; = 0.

Left multiply (6) by a; and use a1by = 0 and a1b; = 0 to obtain a;bey = 0. From
(6) agqby = 0 since agby = 0.

Left multiply (7) by a1 and use a1bss = 0, a;bs = 0 and a1b1 = 0 to obtain
a1bas = 0. (7) induces to asbzs + agsbs + assby = 0. We left multiply the latter by
as to obtain asbss = 0. From (7) we have as4bs +a25b1 = 0. Left multiply this by b,
and use az4b; = 0 to obtain b?ass = 0. Hence byags = 0. Now we go to the equation
(5) to left multiply it by a1 and use a1bss = 0, a1bas = 0, a1ba =0, a;b; = 0 to get
a?b;s = 0. Hence aib;s = 0. From (5) we have asbas + a13bss + a14bs + aj5by = 0.
Similarly this procedure continues to obtain each term in the latter equation is zero:
a2b25 = 0, a13b35 = 0, a14b2 = O, a15b1 = 0. As for (4), left Inultlply it by a1 to
get a?byy = 0 since ajbyy = 0, ajbs = 0 and a1b; = 0. So a1by4 = 0. From (4)
asbag 4+ a13bs + a14b7 = 0. Left multiply it by as and use azbs = 0 and asb; = 0 to
obtain similarly asboy = 0. We are left with ai3b2 + a14b1 = 0. Left multiply it by
b> and use aj4by = 0 to obtain b%alg = 0. Hence byajs = 0. Thus a14b; = 0. Since
R is semicommutative, the rest of the proof is clear. O

Corollary 2.16. Let R be a prime ring. Then Rlx]/(z™) is Armendariz if and only
if Rlx]/(x™) is semicommutative.

Proof. Clear from [9, Corollary 1.5] and Theorem 2.23. O
Corollary 2.17. If R is a reduced ring then Rlx]/(z™) is semicommutative.
Corollary 2.18. Let R be an Armendariz ring. Then R is semicommutative if and

only if R[x]/(x™) is semicommutative.
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