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Abstract

We characterize the topologizability and power boundedness of convolution and dual
convolution operators on power series spaces. We determine necessary conditions for
a Toeplitz operator to be m-topologizable, and power bounded on A (n) and Ao (1),
and consequently on H (C) and H (D).

Keywords Toeplitz Operator - Power series space - Topologizable operator - Power
bounded operator

1 Introduction

Toeplitz operators have been thoroughly studied in the context of Hilbert spaces, such
as the Hardy and Bergman spaces, primarily because they create a bridge between
function theory and operator theory. In the Hardy space H2(DD), a Toeplitz opera-
tor corresponds to a Toeplitz matrix. Furthermore, every bounded linear operator on
H? (D) whose matrix representation is Toeplitz arises from a Toeplitz operator. In the
last two decades, the study of Toeplitz operators — those for which the matrix rep-
resentation is of Toeplitz — has been generalized to broader settings beyond Hilbert
spaces. For instance, Domanski and Jasiczak [9] developed such a framework for
A(R), the space of real analytic functions on R, which is a non-metrizable and non-
normable topological vector space. Later, in [11, 12], Jasiczak extended this line of
study to Fréchet spaces, specifically to the space of entire functions H(C) and to the
space of holomorphic functions on the unit disc H (D). The space of entire functions
H (C) and the space of holomorphic functions on the unit disc H (D) are isomorphic to
power series space of infinite type A (1) and of finite type A (n). In [6], we extended
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the definition of Toeplitz operators to a broader class of power series spaces, including
both finite and infinite types Given a Toeplitz operator Ty g on a power series space,
it expressed as Ty g = Tg + Tﬁ, where Tg and T,g are convolution-type operators. As
shown at the end of Sectlon 3.1 and 3.2, based on the identities Tgx =6 KX and
T,gx = Bxx, we refer to Ty as the convolution operator with symbol 6, and T,g as the
dual convolution operator with symbol 8 (where the dual convolution « is defined at
the end of Section 3.2).

The terminology of topologizable and m-topologizable operators was first formu-
lated by Zelazko in [13], from the perspective of equipping the space of continuous
linear operators L(E), where E is a non-normable locally convex space, with a com-
patible locally convex topology. In recent years, topologizability, power boundedness,
mean ergodicity, and related properties have been extensively explored for continuous
linear operators on locally convex spaces, especially Fréchet spaces, see, for instance,
[1-4,8, 13, 14].

This paper aims to study topologizability, power boundedness of convolution, dual
convolution, and Toeplitz operators on power series spaces. The paper is organized
as follows. In Section 2, we establish the notational framework and gather essential
lemmas and propositions that support the main results. Section 3 is devoted to the
definition of convolution, dual convolution, and Toeplitz operators on power series
spaces. In Section 4, we show that convolution operators are always m-topologizable
and characterize their power boundedness through necessary and sufficient conditions.
In Section 5, the necessary and sufficient conditions are derived for the dual convolution
operators to be topologizable, m-topologizable, and power bounded. In Section 6, we
establish necessary conditions for the Toeplitz operator defined on A (n) and Ao (n)
to be m-topologizable and power bounded. This, in turn, will allow us to identify
necessary conditions for the operator to be topologizable, m-topologizable, and power
bounded on the spaces H(C) and H (D).

2 Preliminaries

This section outlines the essential background required throughout the paper. We
adhere to the terminology and notation of [15].

Fréchet spaces are complete Hausdorff locally convex spaces whose topology can
be described by a countable system of seminorms (|| - ||x)xeN- A grading on a Fréchet
space E is a sequence of seminorms {|| - ||, : » € N} which are increasing, that is,

Ixlle < llxllz < llxll3 < ...

for each x € E and which defines the topology. Every Fréchet space admits a grad-
ing. A graded Fréchet space is a Fréchet space with a choice of grading. For more
information, see [10]. In this paper, unless stated otherwise, we will assume that all
Fréchet spaces are graded Fréchet spaces.

A matrix (an k)k.nen of non-negative numbers is called a Koéthe matrix if the fol-
lowing conditions hold:
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1. For each n € N there exists a k € N with a, x > 0.
2. apk < ani+1 foreachn, k e N.

Given a Kothe matrix (a, i )n keN, the space
o

Ixlle := D [xnlan i < oo forall k € N}

n=1

K(an,k) = {X = (Xn)neN

is called a Kothe space. Every Kothe space is a Fréchet space given by the semi-norms
in its definition. According to Proposition 27.3 of [15], the dual space of a Kéthe space
K (an i) is

(K (an ) = {y = (¥n)neN

sup |ynan_,1(| < 400 for some k € N}.
neN ’
Let @ = (@), cy be a non-negative increasing sequence with lim «, = oco. The
n—od
power series space of finite type associated with « is defined as

o0
Al (@) = !x = neny © lxllg i= Y Pul e F9 < oo forall k € N} ,

n=1

and the power series space of infinite type associated with « is defined as

o0
Ao (@) 1= ix = (X)pen : Nxllx == Z I, | €¥ < oo for all k € N} .

n=1

Power series spaces constitute an important class of Kothe spaces. They include the
spaces of holomorphic functions on C¢ and on the polydisc D, where ID denotes the
unit disk in Cand d € N:

dy ~ 1 d\ ~ 1
H(C) = A(nd) and HDOM*) = A1(nd).

The nuclearity of a power series space of finite type A | (o) and of infinite type Ao (o) is

In In
equivalent to conditions lim o 0 and sup 4. 00, respectively. A sequence
n—>00 oy neN @n
« is called stable if
Q2n
sup < 0. 2.1

neN Qn

We want to note that the sequence (né) neN 1s stable and lim,,—, o nfé Inn = 0 for all
d e N. Hence, the associated exponent sequence of H(C¢) and H (D) is stable and
these spaces are nuclear for every d € N.

Let E be a Fréchet space. A linear map T : E — E is called continuous if for
every k € N there exists p € N and C; > 0 such that

ITxllk < Cillxllp
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forall x € E. L(E) denotes the vector space of all continuous linear maps from E to
E. The composition of an operator 7' € L(E) with itself n-times is denoted by 7". A
linear map T : E — F is called compact if 7(U) is precompact in ' where U is a
neighborhood of zero of E.

Throughout this paper, e, stands for the sequence with 1 in the n'” component
and zeros elsewhere. In any Kothe space, the sequence (ey,),en forms the canonical
Schauder basis.

The following lemma, due to Crone and Robinson (see Lemma 1 in [5]), is a useful
tool for analyzing the continuity and compactness of operators between Kothe spaces.

Lemma 2.1 Let K (a, k) and K (b ) be Kothe spaces.

a. T : K(ayx) = K(b, ) is a linear continuous operator if and only if for each
k € N there exists m € N such that

[T enllx
—_— <0

neN llenllm

b. If K(by. ) is Montel, then T : K (an ) — K(bn i) is a compact operator if and
only if there exists m € N such that for all k € N

T enllk
—_— < X0

neN llenllm

A Fréchet space E is Montel if each bounded set in E is relatively compact. Every
power series space is Montel, see Theorem 27.9 of [15].

Proposition 2.2 in [6] establishes that the continuity condition alone suffices to ensure
that a linear operator defined solely on the basis elements extends to a well-defined
operator. The precise statement of Proposition 2.2 from [6] is given below.

Proposition 2.2 Let K (a, k), K(by k) be Kothe spaces and (an)neNn € K(by k) be a

sequence. Let us define a linear map T : K(ay k) — K (bn ) such as

o
Te, = a, and Tx = Zx,,Te,,
n=1

oo
for every x = Z Xnen and n € N. If the continuity condition

n=1

[T enll
—_— <0

VkeN dmeN
neN ”en”m

holds, then T is well-defined and continuous operator.

@ Springer



Topologizability and Power Boundedness of Convolutions and Toeplitz... Page 5 of 31 62

Let T be a continuous linear operator on a Fréchet space E. T!*I denotes the k-th
Cesdro mean given by
k
1 m
T
m=1

Definition 2.3 Let E be a Fréchet space. An operator T € L(E) is called

e topologizable if for every p € N there exists ¢ € N such that for every k € N
there is My , > 0 satisfying

IT* ), < M plixllg

forevery x € E.
e m-topologizable if for every p € N there exist g € N and C,, > 1 such that

1T )l < Chlixllg

holds forevery k e Nand x € E.
e power bounded if for every p € N there exist g € Nand C, > 1 such that

IT* ()11, < Cplixlly

holds forevery k e Nand x € E.
e Cesaro bounded if for every p € N there exist g € N and C), > 1 such that

IT™M ), < Cpllxlly

holds forevery k e Nand x € E.

The following implications are straightforward:
power bounded => m-topologizable = topologizable.

The concepts of topologizable and m-topologizable operators were defined and
studied by Zelazko in [16] to establish a suitable locally convex topology on the space
of all continuous linear operators £(E) acting on a non-normable locally convex space
E. In [3], Bonet provides examples of non-normable locally convex spaces such that
all operators defined on them are topologizable, or even m-topologizable. Further-
more, he established that when E is a Fréchet space without a continuous norm, there
is an operator on E, which is not topologizable. He also proved that every bounded
operator 7' € L(E) on alocally convex space E is m-topologizable [3, Proposition 7].
Therefore, every compact operator is m-topologizable. As established in Theorem 3.5
and Theorem 3.13 of [7], the Hankel operator Hy : Axo () — Ao () is compact for
0 € Aso(a), similarly, Hy : Aj(a) — Aj(x) is compact for 6 € (Aj(a))’. Hence,
these operators are m-topologizable. In contrast, the compactness of Toeplitz opera-
tors defined on power series is observed only in very limited situations. Therefore, we
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will disregard their compactness and instead investigate whether these operators are
topologizable and power-bounded.

Zelazko in [16, Proposition 7 and Proposition 12] showed that the sum and the
product of two commuting topologizable (respectively, m-topologizable) operators
are topologizable (respectively, m-topologizable) too. In Example 13 of [16], Zelazko
provides a counterexample showing that the sum of two m-topologizable operators,
which do not commute, need not be topologizable.

If (E, ||-||) is anormed space, thenitis clear that every bounded operator T : E — E
is m-topologizable. This naturally leads us to consider a stronger condition suitable
for Fréchet spaces, which we introduce as the notion of strongly tameness. With this
definition, it is immediately apparent that the class of strongly tame operators is closed
under addition and product.

Definition 2.4 Let E be a Fréchet space and T : E — E be a linear operator. We say
that 7' is strongly tame if for every p € N there exists a constant C, > 0 satisfying

ITxlp = Cpllxllp

forevery x € E.

Every strongly tame operator is m-topologizable. If C, < 1 for every p € N,
then the strongly tame operator is power bounded. Moreover, since strongly tame-
ness implies m-topologizability, the sum and product of strongly tame operators are
themselves m-topologizable.

In the Lemma below, we demonstrate that the notions introduced in Definition 2.3
and Definition 2.4 can be verified for Kothe spaces by considering only the basis of
Kothe spaces.

Lemma 2.5 Let K (an i) be a Kothe space, and let T : K (an k) — K(an k) be a linear
continuous operator.

i. T is topologizable if and only if for every p € N there exists g € N such that for
every k € N there is My, , > 0 satisfying

IT* (el ) < M pllenlly

for everyn € N.
ii. T is m-topologizable if and only if for every p € N there exist g € Nand C,, > 1
such that
1T (el < Chllenlly

holds for every k,n € N.
iii. T is power bounded if and only if for every p € N there existq € Nand C, > 1
such that

IT*en)llp < Cpllenlly

holds for every k,n € N.
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iv. T is Cesdro bounded if and only if for every p € N there existq € Nand C, > 1
such that
T8 ey < Cplienlly

holds for every k,n € N.
v. T is strongly tame if and only if for every p € N there exists a constant C,, > 0
satisfying

”Ten”p =< Cp”en“p

holds for every n € N.

Proof The proof of (i) is given below. The remaining parts (ii), (iii), (iv), and (v) can
be established in a similar manner. The sufficient part is clear. Now, assume that the
following condition is satisfied: for every p € N, there exists ¢ € N such that for
every k € N, there is an My, satisfying

IT el ) < M. pllenll

o0
foreveryn € N. Letx = Zx,len € K (an k). Then, it follows

n=1
o o0
1T N, = | D xaTren) | =) 1l T el
n=1 p n=1
o
< Mip Y Ixalllenlly = M plixlly
n=1
So T is topologizable. O

Definition 2.6 A continuous linear operator T on a locally convex Hausdorff space E
is called mean ergodic if the limits

D .
Px—nli)n;OZX:IT x, x€eE
m=

exist in E. If the convergence is uniform on bounded subsets of E, then T is called
uniformly mean ergodic.

Let E be a locally convex Hausdorff space. E is called (uniformly) mean ergodic
if every power bounded operator on E is (uniformly) mean ergodic. The following
result was established by Albanese, Bonet and Ricker in [1, Proposition 2.13]:

Theorem 2.7 Let K (ay i) be a Kothe space. Then the following assertions are equiv-
alent.

(I) K(ay) is mean ergodic.
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(ii) K (an k) is uniformly mean ergodic.
(iii) K (an k) is Montel.

Given that all power series spaces are Montel, any power bounded operator defined
on power series spaces is (uniformly) mean ergodic.

In Theorem 2.5 of [13], Kalmes and Santacreu established that for operators on
Montel spaces, (uniform) mean ergodicity is equivalent to being Cesaro bounded and
satisfying a certain orbit growth condition.

Theorem 2.8 (Theorem 2.5, [13]) Let E be a Montel space and let T € L(E).

(a) T is mean ergodic if and only if T is uniformly mean ergodic.
(b) The following are equivalent.

n

(i) T is Cesdro bounded and lim — = 0, pointwise in E.
n—oo n

(ii) T is mean ergodic on E.
(iii) T is uniformly mean ergodic on E.

3 Toeplitz Operators on Power Series Spaces

In [6], Jasiczak defined a Toeplitz operator on the space of all entire functions H (C)
as a continuous linear operator whose matrix with respect to the basis (z"),eN is
Toeplitz. Jasiczak established that such operators admit a representation of the form
CMp, where M denotes the multiplication operator by the symbol F, and C is a
suitably defined Cauchy transform. This representation can be regarded as an analog
of the characterization of Toeplitz operators on the Hardy space. In this setting, the
symbol F of a Toeplitz operator belongs to S(C) = H(C) & Hp(oco) where Hy(oo)
denotes the space of all germs of holomorphic functions vanishing at co. According
to the Kothe—Grothendieck—da Silva characterization, Hy(oo) is the strong dual of
H(C), (H ((C))Z. To proceed, we take a closer look at how the operator is defined. Let
U be an open simply connected neighborhood of co in the Riemann sphere Co, F
be a holomorphic function in the punctured neighborhood U \ {oo} of the point oo,
f € H(C) and z € C. By selecting a C* smooth Jordan curve y C (U \ {oo}) so that
the point z is in the interior 7 (y) of the curve and the connected set C \ U is contained
in I (y), Jasiczak defined

1 fF(g)'f(E)dg. G.1)
14

TrN@ = | =

Since for any z € C such a curve y can be chosen in this way, and by Cauchy’s
theorem the value of the integral does not depend on the choice of y, (Tr f)(z) is
well-defined for every z € C, and defines a holomorphic function. He demonstrated
that the infinite matrix consisting of the Taylor coefficients of the functions 7r£", in
successive columns, is a Toeplitz matrix. Furthermore, he proved in Theorem 2.2 of
[11] that if a linear operator T : H(C) — H(C) whose matrix is Toeplitz is of the
form (3.1). The formal statement of Theorem 2.2 from [11] is given below.
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Theorem 3.1 The following conditions are equivalent:

(i) T : H(C) = H(C) is a continuous linear operator with the matrix

apga—1 a—p -
a ap a—q ---
a2 a] ao DR

for some complex numbers a,, n € Z;
ii There exists a function F, which is holomorphic in a punctured neighborhood
U \ {00} of o0 in Cx such that T = Tr. Then

1
an = —/ F(z)z " 'dz, nez,
2mi ¥

where y is a C* smooth Jourdan curve in U \ {o0} (the set U may be assumed to
be simply connected in C;) such that C\ U C I(y) and 0 € I(y).

In [12], Jasiczak extended his approach to Toeplitz operators acting on spaces of
holomorphic functions on domains in C, the boundary of which consists of finitely
many C* smooth Jordan curves. For instance, he provided a characterization of
Toeplitz operators on the unit disk, which is formally stated in Corollary 4.1 of [12].
In the unit disc case, the symbol space G(ID) is isomorphic to H (D) @ (H (D)),. The
formal statement of Corollary 4.1 in [12] is given below

Theorem 3.2 Let T : H(D) — H(D) be a continuous linear operator. The following
conditions are equivalent:

(i) The matrix of the operator T with respect to the Schauder basis {z"},cN, is a
Toeplitz matrix. That is, there exists a sequence of numbers {a,},cz, such that for
m e No,
T(E")(2) = dom + ampr1Z2 + dom2d + -+

(ii) There exists a function F holomorphic in some annulus {R < |z] < 1}, R < 1
such that for every f € H(D),

1/ F(E)-f(é)dg. (3.2)
€=

Tf()=Trf(@) =5— -

2mwi

with r < 1 such that r > max{|z|, R}. Then for m € Z,

1 —m—1
am = 5— F(§)§dé.

27 g

We would like to note that, as shown in Theorems 3.1 and 3.2, the entries of the
Toeplitz matrix come from the Laurent series coefficients of the symbol F centered
atz =0.
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The space of all entire functions, H (C), and the space of all holomorphic functions
on the unit disc, H (D), are isomorphic power series spaces of infinite type Ao (n)
and of finite type A (n), respectively. In [6], the author extended Jasiczak’s approach
[11, 12] by defining Toeplitz operators on more general power series spaces of finite
or infinite type. In this context, an operator 7 : A,(«) = A,(«), r € {1, oo} is called
as a Toeplitz operator if its matrix is a Toeplitz matrix with respect to the canonical
basis {e, },eN.

A Toeplitz matrix

apa—ipa—y ---
ay ay a—y ---
a ay ap ---

can be written as a sum of a lower triangular Toeplitz matrix and an upper triangular
Toeplitz matrix in the following way:

apa—ya—p --- 6 00 --- Bo B1 B2+
ap ap a—qi --- 91900 0[30,31

a a; ay - |=16,6,6---1T|o0 0 Bo---

where ap = 6y + Bo and
6, =a, and B, =a_,.

for every n € N. This allows us to associate any Toeplitz matrix with a pair of
sequences: one corresponding to its lower triangular part and the other to its upper
triangular part. Denoting by Ty g the operator associated with the Toeplitz matrix
determined by the sequences 6 and B, one can express this operator as the sum of
two operators defined by the lower triangular and the upper triangular Toeplitz matrix,
respectively. That is, L

Typ =Ty + Tp

where Tg denotes the operator associated with the lower triangular Toeplitz matrix,
and Tﬁ denotes the operator associated with the upper triangular Toeplitz matrix.
Consistent with Jasiczak’s framework, the symbol for a Toeplitz operator Ty g on
power series spaces A, (), r € {1, 00} belongs to A, («) @ (A, («))’, where 6 and B
belong to A, (a) and (A, (a)), respectively, r € {1, oo}.

We now proceed to examine the definitions of these operators in detail.
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3.1 The Convolution Operators?g Acting on Power Series Spaces

Let 6 = (6,)nen, be any sequence. The lower triangular Toeplitz matrix defined by 6

1S
6o 00O0---

01600 -
001600 -
03 0, 01 6 - -

In [6], we considered the operator fg : K(an k) = K (b, i) formally defined by
o
Toen = 0.+, 0,600,062, ) =Y 0 ne;
j=n

where the image of each basis vector is taken as the n'" column of the lower triangular

o
Toeplitz matrix associated with 6. Therefore, for every x = Z Xpen € K(ap ), the
N n=1
operator Ty is given by

o0
Tox = Z xpTyey,.

n=1

However, the convergence of this series in K (b, ) is not guaranteed in general. There-

fore, we analyzed conditions ensuring that the operator is well-defined and continuous,

particularly in the case where one of the Kothe spaces is a power series space in [6].
We begin with a detailed investigation of operators acting between power series

spaces, as we will study the topologizability and power boundedness of these operators.
If T}; Ar(@) > Aq(a), r € {1, oo} is well-defined, then it follows that

Tyer =0 € A, ().

Hence, when working with this operator, the sequence 6 will be taken from A, («),
r e {1, oo}.

The following two propositions, 3.3 and 3.4, correspond to special cases of Theo-
rems 3.3 and 3.6 in [6]. For brevity, we omit the proofs and direct the reader to [6] for
the full computations.

Proposition 3.3 The operator ?9 : A(x) — Aqr() is well-defined and continuous
forevery 6 € A1(a).

Proposition 3.4 Let o = (ay)nen be a stable sequence. The operator 7"\9 Ao () =
Aoo(@) is well-defined and continuous for every 6 € Aqo ().
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Given that

. 00 . 00 n 00
Tox = anT9€n = Z ijé,,_j ey = Z(G *X)pep =0 % x
n=1

n=1 n=1 \j=1

o0
holds for every x = Zx,,en € Ay(a), r € {1, 0o}, it is natural to call T; a convo-

n=1
lution operator with symbol 6, acting on power series spaces. Proposition 3.3 and

Proposition 3.4 confirm that the operator Ty is well-defined in power series spaces.
Hence, the following statements hold.

Corollary 3.5 Forevery 6,y € A(a), the convolution 6 xy belongs to Ay (). If a is
stable, then for every 0,y € Ao (), the convolution 6 x y belongs to Ao (o).

Following the approach used for defining an operator via a lower triangular Toeplitz
matrix, a similar construction can be carried out for an operator associated with an
upper triangular Toeplitz matrix.

3.2 The Dual Convolution Operators 7’3 Acting on Power Series Spaces

Let 8 = (Bu)neN, be any sequence. The upper triangular Toeplitz matrix defined by
Bis

In [6], we considered the operator fg : K(an ) = K(b, i) formally defined by
n
Tpen = (Bu-1, Bu2, - B1,B0,0,0,..) =Y Bu_je,
j=1

where the image of each basis vector is taken as the n’" column of the upper triangular

o

Toeplitz matrix associated with 8. Therefore, for every x = Z Xxpey € K(ap k), the
n=l1

operator ﬁg is given by

[e’e]
fﬂx = anfﬁen.
n=1

Again, the convergence of this series in K (b, i) is not guaranteed in general. Therefore,
we analyzed conditions ensuring that the operator is well-defined and continuous, in
the case where one of the Kothe spaces is a power series space in [6].
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Since we aim to examine topologizability and power boundedness, we begin by
analyzing operators defined on power series spaces in detail.

If T"ﬂ tAy(@) > Ar(a), r € {1, o0} is well-defined and continuous, then Propo-
sition 4.1 of [6] implies that 8 belongs to the strong dual of A, (), r € {1, oo}
. Therefore, when working with this operator, the sequence B will be taken from
(Ar(@), 7 € {1, 00}.

The following two propositions, 3.6 and 3.7, correspond to special cases of Theo-
rems 4.6 and 4.4 in [6]. For brevity, we omit the proofs and refer the reader to [6] for
the full computations.

Proposition 3.6 Let o = (ay)nenN be a stable sequence, and assume that the space
Ai(a) is nuclear. Then the operator Tg : Aj(a) — Aq(a) is well-defined and con-
tinuous for every 8 € (A1 (a)).

Proposition 3.7 Suppose that the power series space of infinite type Ao (at) is nuclear.
The operator Tg : Axo(a) — Ao(a) is well-defined and continuous for every B €

(Ao (@)
Given that

o o0 o
Tﬁx=2anlgen:Z xXiBj—n | en
=n

n=1 n=1 \Jj

o
holds for every x = Z xpen, € Ar(a), r € {1, 00}. We want to note that the coeffi-

n=1
cients

(o]
> xiBj-n
j=n

differs from those in the classical convolution form as the summation starts from j = n
and extends to infinity. We identify T as a dual convolution operator with symbol
B, acting on power series spaces. We denote this operation by the symbol Bxx, that is,

(Bxx)n =D xiBjn

j=n

for every n € N. Proposition 3.6 and Proposition 3.7 confirm that the operator Tﬂ is
well-defined in power series spaces. Hence, the following statements hold.

Corollary 3.8 Let A (@), r € {1, 0o} be a nuclear power series space.

(i) Bxx belongs to Aoo() for every x € Aoo(ar) and B € (Aso())'.
(ii) Bxx belongs to A\ (a) for every x € Aj(a) and B € (A (a)) provided that o is
stable.
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3.3 Products Within Convolution and Dual Convolution Operator Classes

In this section, we establish that the product of convolution (respectively, dual convo-
lution) operators is again a convolution (respectively, dual convolution) operator. This
is due to the fact that the matrix representation of a convolution (respectively, dual
convolution) operator is a lower (respectively, upper) triangular Toeplitz matrix. This
result follows from the fundamental property that the product of two lower (respec-
tively, upper) triangular matrices is again lower (respectively, upper) triangular, and
the Toeplitz structure is preserved under such matrix multiplication.

We begin by considering the product of two convolution operators.

Let6, ¢ € Ar(), r € {1, oo}. We note that for »r = oo, the sequence « is assumed
to be stable in the context of the convolution operator Ty. We aim to show that

TyTy = Tpuo. (33)

where ¢ « & denotes the convolution of f and 6. We want to note that ¢ x 6 € A, (a),

r € {1, oo} by Corollary 3.5. Proposition 3.3 and Proposition 3.4 implies that T¢*9

is well-defined and continuous. Since all operators Tg,T¢ and T¢*9 are continuous, it

suffices to verify that equality (3.3) holds for the elements of basis (e, )nen. Letn € N
o

and write /T\g(e,,) = Zyjej where y; = 0if j <nand y; =6;_,if j > n. Hence
j=1

o0
TyTo(en) =Y yiTyle)) = yaTplen) + -+ YminTp(entm) + -
j=n

[e¢) o0
:ynz(f)jfnej +...J’_ym+” Z ¢j—(m+l‘l)ej + ...

j=m+n

= Yudoen + -+ + YnPm + Yn+1Om—1 + -+ + YntmPo)entm + - - -

00
= Zyj—nej =Ty (en)

j=n

m m
where y,, = Zyn+,-¢m_,' = Z@iqu_i = (¢ x 0),, for all m € Ny. This in turn
_i=0 i=0
implies that T¢ Tg = T¢*9
Since ¢ * 0 = 0 * ¢, it follows that T¢, T(-) = T(-) T¢,, and consequently, T¢ and Tg
commute.

Proposition3.9 Ler ¢, 0 € A, (a), r € {1, oo}. The convolution operators T",p and ?9
commute and o
TpTo = ToTy = Tyss.

Next, we investigate the product of two dual convolution operators. Let 8, ¥ €
(Ar (@), r € {1, 00}. We note that power series spaces are nuclear, and when r = 1,
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the sequence « is assumed to be stable for the operators T,g. We aim to show that
Tﬂ ﬁ/, = ﬁ/,*ﬂ.

where B * i denotes the convolution of 8 and . But first, we need to show that
Bxv € (A () for B, ¥ € (Ar (), r € {1, 00}
Proposition 3.10 Let A (o) be a nuclear power series space of infinite type. For all
B, ¥ € (Axo()), their convolution B x v also belongs to (Ao (a))'.

o0

Proof Since Ao (a) is nuclear, Z e "M% g convergent for some m| € N. It follows

n=1

that there exists a D > 0 such that

n
Zel’“f < DelPtmien (3.4)
j=1

Indeed, this is evident from the following estimates:

n n o0
Zepaje—(P+m1)an < Zepaje—(p+m1)aj < Ze—mlﬁtj =D < +o0.
j=1 j=1 j=1

Then, we get

n
1 Tgenll, < Coe™® Y " P < CoDeP ™™ = CoDlley | pmom,
Jj=1

forevery n € N.
Let B, ¥ € (Aoo(a))’. Then there exist my, m3 € N and Cy, C, > 0 such that
[Bi—1| < C1e™% and |yr,—1| < Cre™3% for all n € N. It follows that

n
B Y=Y l¥n—jllBj-1l
j=1
n
<C\Cy Z o2 P31
Jj=1
n
< C1Cpe™n Zemwi < C1C2De(m1+m2+m3)"‘n
j=1

for all n € N. This implies that 8 * 0 € (Axo(@))’. O

Proposition 3.11 Let o« = (o,)nen be a stable sequence, and assume that the space
A () is nuclear. For all B, € (A(a)), their convolution B *  also belongs to
(A1)
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. . . .. Inn .
Proof Since A(«) is nuclear, that is, lim —— = 0, we obtain
n—o00 o,

. _ 1 . —a (]"—" —)
lim ne~ %% = lim ¢ “\e T2%) —
n—00 n—oo

for every k € N. It follows that for every k € N, there exists a D > 0 satisfying
e~k < De~ % (3.5)

foralln € N.
Since « is stable, there exists a M € N such that «p; < Mo, for every t € N.
Assume thatn =2torn=2t+land 1 < j <n

op < a4 < Magyy < M(aﬂ—j"rl + a/)

inthiscaset+1 < jort+1<n— j+ 1 andthen we have a,_j 11 +o; > ot;41.
Therefore the inequality
an < M(ap—j+1 +aj) (3.6)
is satisfied for alln € Nand j < n.
Let 8,0 € (Aj(a))'. Then there exist mj,my € N and Cy, C, > 0 such that
_ b _ b
1Bu_t] < Cre ™ and |Y,_1| < Cae” ™" forall n € N. It follows that

" S TV S
B*vn = [VnjllBj—1] < C1C2 Y e M Itte m®

j=1 j=I

n n
1 1
< Cl C2 E e_max(ml,mz}(anfjJrl'i‘Dlj) < (-:1 C2 z :e_iMmax(m]_mﬂa’l
j=1 j=1

jon

1 1
= C|Cayne Mmaxlnim] " < CCyDe” M maximymy] 1

for all n € N which implies that 8 * ¥ € (Aj(a))’. O

To show that Tﬁ i/, = i/,*ﬂ, it is enough to verify that flg i/, (ep) = ip*ﬂ (ep) for
every n € N. Let n € N and write TV]/,(en) = Zn i€ where y; = v, ; for all
Jj=
1 < j <n.Then
~ ~ n ~
TgTy(en) = Z viTglej) = y1Poer + y2(Bre1 + Boe2) + - - yn(Bp—1€1 + - - + Boen)
j=1
= (1Bo+y2B1+ -+ yBn—1)e1 + 2fo+ y3B1 + - + yuBu—2)e2
+--+ibo+ yiv1Br+ -+ ynBu—idei + -+ ynPoen

n—1 n—2
= (Zyjﬁ,;])el + (ZYH»]ﬁjfl)eZ
j=1 j=1
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n—i
+ ( Z Yj+iﬂj—1>€i + -+ ynBoen
j=1
n
=Y Vu-iti
i=1

m m
where y,,, = Zyj+,,_mﬂj_1 = Z Ym—jBj—1 = (¥ * B)y forallm € N. It follows
j=1 j=1
that Tﬂ T,// = Tﬂ*lff
Since ¥ * B = B * ¥, it follows that Tg Ty, = Ty, T, and consequently, Tg and Ty,
commute.

Proposition 3.12 Letr B, ¢ € (A, (a)), r € {1, co}. The operators Tﬂ and ip commute
and o o _
TﬁT,/f = T,/,Tﬁ = Tl/,*/g.

4 Topologizability and Power Boundedness of Convolution
Operators on Power Series Spaces

In this section, we establish necessary and sufficient conditions for the convolution
operators ﬁ; defined on power series spaces to be topologizable, m-topologizable, and
power bounded.

We first examine the convolution operators ?@ defined on a power series space of
finite type A1 (c).

Let6 € Aj(). For every p,n € N, we have

[ee] 5 00 1 1
Toenllp = D 105-nle™ ™ = 3 16jnle” 20720

j=n j=n

! o
5 o
2 Z jmale™ 7 < lleallzplOll2p

that is,
1Toenllp < 110ll2pllenll2p 4.1

holds for every p, n € N. In the following, since we will consider powers of convolu-
tion operators, we use the notation 6*¢

O =0 %O %---x0
to denote the k-times convolution of 8 with itself. In Proposition 3.9, we showed that
the product of two convolution operators Ty and Ty, is again a convolution operator

Ty+p- By using (4.1) and Proposition 3.9, we obtain
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1TEenllp = I Tpekenlly < 107 112pllenll2p- 4.2)
for every p, k, n € N and it is easy to write that
ITExlp = 1 Tgwexllp < 10% ll2plx112p
for every x € Aj(«) and p, k € N, indeed it follows from

o0 o
ITgxllp = 1Tgwxllp = D IxalllTgekenlly < 10* 125 > 1xalllenllzp = 107K I12p 1x112p-
n=1 n=1
Moreover, we have
. - P
10711, = I Tpeerllp = 1 To(Tyea-veD |l =

_ k (4.3)
< 10l2p Tpew-nerllzp < -+ < 1011
i=1

for every p, k € N. Hence, we obtain that
k
”Teken“p = (l_[ ||9”2fp) ||€n||2p~ 4.4
i=1
for every p, k,n € N. This ensures that Ty is topologizable for every 6 € Aj(x).
Theorem 4.1 The convolution operator ?@ i A(a) = Aj(@) is topologizable for

every 0 € A1(a). The operator Ty : A1(a) — Aq(a) is m-topologizable if and only
if for every p € N, there exists a C,, > 0 satisfying

sk k
0%, < ¢t

for every k € N.

Proof Topologizability follows immediately from the inequality (4.2) and Lemma 2.5.
If the operator Ty : A1(o) — A () is m-topologizable, then for every p € N, there
existg € Nand C,, > 0 such that

IT5xl, < CHlxlg
for every k € N and x € A(«). This gives us that for every p € N, there exists a

Cp > O such that
k Tk k k
1651, = 1Tgerllp, < Cplleilly = C),

for every k € N. The converse follows from the inequality (4.2). O
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__ Given that the operators Ty and T"d, commute and their product satisfies T};ﬁp =
Ty+p, we can conclude that their product is always topologizable for every 6, ¢ €
Aq(@).

Theorem 4.2 The convolution operator ﬁ; : A(a) — Aq(@) is power bounded if
and only if sup |0** ||, < oo for every p € N.
keN

Proof If sup 167 p < oo for every p € N, the inequality (4.2) and Lemma 2.5
keN

implies that T“g is power bounded. To prove the converse, we assume that i‘\g is power
bounded. Then, for every p € N there existag € N and C,, > 1 such that for every
k,neN

ITX el < Cpllenlly

holds. In particular, taking n = 1, for every k € N we get
167511, = 1T (en)llp < Cpllerlly < C,

which shows that sup 67| p < oo forevery p € N. This completes the proof. O
keN

We would like to note that, from inequality (4.3), if sup |#]], < 1 holds, then
peN

sup ||9*k||p < 1 for every p € N and the operator fg : A(w) - Aq(a) is power
eN

k
bounded.

Based on Proposition 2.7 and Theorem 2.8, we are able to derive the following
result:

Corollary 4.3 Let 6 € A (o). Suppose that sup ||9*k||p < oo for every p € N. Then
keN

the convolution operator 7"\9 : A1(a) = A (a) satisfies the following properties:

1. Tb is power bounded.
2. Ty mean ergodic.
3. T"g is uniformly mean ergodic.
n

4. T}; is Cesdro bounded and 1lim Ti = 0, pointwise in A1 (x).

n—o00 n

We next turn to convolution operators on the power series spaces of infinite type
to examine their properties. The stability of the sequence « is required to define the
convolution operator Ty on the space Axo(a).

Let 6 € Ao (). Since « is stable, there exists a constant M € N such that ap, <
M, for every n € N. Since « is increasing, we have the following: if j = 2t > 2n,

aj=oy < Ma; < May—,=Ma;j_, < Maj_,y1
andif j =2t + 1> 2n,wehaver + 1 > n and
o =01 <02 < Moy < Mago—n = Moj_pqg.
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Therefore, we have
aj < Maj_,yq

for all j > 2n. For every p, n € N, we have

2n—1
1 Tyenll, = Z 160 -nle?® + Z 10 —nle?®s
Jj=2n
2n—1
< Z |9] n|epa2n + Z |9] n|eMPa/ n+lepaj Mpaj_py1
j=n j=2n
2n—1
<o S 3 0 i
j=n j=2n
00
< eMPan Z |9j_n|eMpaj*n+l
j=n
< 10l mpllenlinp
that is,
1 Toenllp < 1101laaplenllarp (4.5)

holds for every p,n € N. In Proposition 3.9, we showed that the product of two
convolution operators, say 7y and T¢, is again a convolution operator T9*¢, By using
(4.5), we obtain

~t ~ .
1Ty enlly = 1Tgekenlly < 10" mpllenllarp- (4.6)

for every p, k, n € N and it is easy to write that
ITExlly = 1 Tpxlly < 107 aspllxllagp
for every x € Ax(a) and p, k € N. Moreover, we have

" ~ ~ o~
16N p = I Tgueerllp = I To (Tyru-neD |l

R 4.7)
< 101wp | Tya—verlirp < -+ < [T 101w,
i=1
for every p, k € N. Hence, we obtain that
1T eally < (1160 ) Neallarp- (4.8)

i=1

holds forevery p, k, n € N. This ensures that T“g is topologizable forevery 6 € Ao (o).
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Theorem 4.4 Let a be a stable sequence. The convolution operator T"g D Aso(a) —
Aoo(@) is topologizable for every 6 € Axo(at). The operator Ty : Aso(0t) — Aco(@)
is m-topologizable if and only if for every p € N, there exists a D), > 0 satisfying

*k k
l6*), < DY

for every k € N.

Proof Topologizability follows immediately from the inequality (4.6) and Lemma 2.5.
If the operator Ty : Aso(e) — Aoo() is m-topologizable, then for every p € N, there
existg € Nand C), > 0 such that

Tk k
1Ty xllp = Cplixliy

for every k € N and x € A (o). This gives us that for every p € N, we define
D, := Cped*! such that

k k k k k
1651, = Ty ellp < Cpllerlly = Cpe?™ < D,

for every k € N. The converse follows from the inequality (4.6). O

‘We again note that the operators 7y and T¢ commute and their product satisfies
Tg T¢ = T9*¢, then we can conclude that their product is always topologizable for
every 0, ¢ € Aco(@).

Theorem 4.5 Let a be a stable sequence. The convolution operator T"g P Ao(@) —
A oo (@) is power bounded if and only if sup |6** I, < oo forevery p € N.

keN

Proof If the convolution operator Tb P Axo(@) = Aso(@) is power bounded, then for
every p € N there existg € N and Cp, > 1 such that

k Tk
161, = ITgerllp < Cpllerlly

for every k € N. Hence, sup ||9*k l, < oo for every p € N. For the converse, let us

keN
assume that sup 167 p < oo for every p € N. for every k € N. Then, the inequality
keN
(4.6) and Lemma 2.5 gives us that Ty : Aso(o¢) = Aoo() is power bounded. m|

We would like to note that, from inequality (4.7), if sup 161, < 1 holds, then
pE
sup ||9*k||p < 1 for every p € N and the operator T@ T Ao(@) = Aso(e) is power

keN
bounded.

We make use of the conclusions of Proposition 2.7 and Theorem 2.8 to establish the
following result.
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Corollary 4.6 Let o be a stable sequence and 6 € A (). Suppose that sup 167 p <
keN

oo for every p € N. Then the convolution operator f@ P Aoo(@0) = Aoo(@) satisfies
the following properties:

1. ﬁg is power bounded.
2. Ty is mean ergodic.
3. Ty is uniformly mean ergodic.
~ )
4. Ty is Cesdro bounded and lim 2 =0, pointwise in A1 (o).
n—o0 n

5 Topologizability and Power Boundedness of Dual Convolution
Operators on Power Series Spaces

In this section, we establish necessary and sufficient conditions for dual convolution

operators f,g defined on power series spaces to be topologizable, m-topologizable, and
power bounded.

Theorem 5.1 vLet Ao () be a nuclear power series space and B € (Axo (). Then,
the operator Tg : Aoo(a) — Aoo(@) is topologizable if and only if for every p € N
there exists a q € N so that for every k € N there is a Ly, > 0 such that

k
IBy=i] < Li, ped®™

for everyn € N.

Proof If the operator f,g t Aso(a) = Ao (@) is topologizable, then for every p € N
there exists a ¢ € N so that for every k € N there is a M, , > 0 such that

n
Tk 7 k i
I Tgenll, = Tguenll = D I8 ;1P < My pllenlly
j=1

for every n € N and this gives us that
k j n
|,3:7j|€pa" = Mk,peqa
for every 1 < j < n. Taking j = 1, we obtain
k n
|/3:_1| = Lk,peqa

where Ly , = e”P*' My ,. For the converse, assume that for every p € N there exists
a g € N so that for every k € N thereis a Lg,, > 0 such that

1B 1| < L pet™
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holds for every n € N. Then we can write

n n
Tk k i k —j
174 enllp = Z |ﬁ:7j|el7a_/ — Z |’3771 ePon—j+1
Jj=1 Jj=1

n n
< Lk,p E eqajepan*j“’l < Lk’pepan E eqaj
j=1 j=1

o0
for every n € N. Since A (@) is nuclear, Z e

M g convergent for some m; € N.
n=1
It follows that there exists a D > 0 such that
n
> el < Delptmen, (5.1

j=1
Indeed, this is evident from the following estimates:

n n o0
Zepaje_([""'ml)an S Zepaje_(p+ml)aj S Ze_mla./ =D < +OO
j=1 j=1 j=1

Hence for every p € N there exists a ¢’ = p + ¢ +m such that for every k € N there
is My, = DLy, p such that

n
Sk i +p+
I Tgenllp < Lipe?™ Y e < DLy peldtrtmen
j=1

= DLk,p||en||p+q+m1 = Mk,p”en”q’-
This says that fﬂ is topologizable. O

The proof of the following theorem follows by analogous arguments to those in
Theorem 5.1 and is therefore omitted.

Theorem 5.2 Let Aoo(a) be a nuclear power series space and B € (Axo (). Then,

(i) Tﬁ : Aso(0) = Aso(@) is m-topologizable if and only if for every p € N there
existq € Nand D), > 0 so that for every k € N such that

|/3;,klil| =< Df,eqa"
for everyn € N.
(ii) Tp : Aoo(@) — Acc(@) is power bounded if and only if for every p € N there
existq € Nand Cp > 1 so that

|’3:1il| < Cpeqwn
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foreveryk,n € N.

The result below relies again on the conclusions drawn from Proposition 2.7 and
Theorem 2.8.

Corollary 5.3 Let Ao (@) be a nuclear power series space and B € (Aso()) . Suppose
that if for every p € N there exist g € N and C,, > 1 so that

|,B::Iil | < Cpeqan

for every k,n € N. Then, the dual convolution operator fﬂ P Axo(@) &> Aso(@)
satisfies the following:

1. fﬁ is power bounded.
2. Tg is mean ergodic.
3. fﬁ is uniformly mean ergodic.

~

o T
4. Tg is Cesdro bounded and lim £ _ 0, pointwise in A1 ().
n—oo n

We now examine the properties of the dual convolution operator defined on power
series spaces of finite type.

Theorem 5.4 Let @« = (ay)nen be a stable sequence, B € (A1()), and assume
that the power series space of finite type Aj(a) is nuclear. Tg : Aj(a) — Aj(a) is

topologizable if and only if for every p € N there exists a q € N so that for every
k € N thereis a Ly, > 0 such that

1
k ——a
|:8n71| = Lk,pe "

for everyn € N.

Proof If the operator fﬁ : A1(a) — Aj(w) is topologizable, it follows that for every
p € N there exists a g € N so that for every k € N there is a My, , > 0 such that

n

7k Z ko1, p

”Tﬁen”p: |ﬂ:_1|e P SMk,puennq
j=1

for every n € N, which in turn implies
sk *Laj *lan
B jle™ 7 < My pe

forall 1 < j <nand

k —ta
1Brsq| < Ly pe 4"
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1
where Ly , = e? ™ My, p- To prove the converse, suppose that for every p € N there
exists ¢ € N such that for every k € N, one can find a constant Ly, satisfying

k —ia
|ﬂ:_1| = Lk,pe "

for every n € N. Hence, for every n € N, we obtain
n 1 n 1
Tk k| ,— 5% k | ,— 50—
I Thenll, =Y 1B e = " |B7E, e v
j=1 j=1

n n
1 1 1
<Lk, Z[E“-/’e—?"‘"—f“ <L, Z[Wq,m(‘x.fﬂn—w)
j=1 j=1
The stability of o ensures the existence of M € N satisfying o, < M (ety—j11 + ;)

foralll < j < n,n € N, see (3.6) in Proposition 3.11 for details. Due to the nuclearity
of Aj(a), for every k € N there exists a Dy > 0 satisfying

1 1
ne k% < Dpe” %%

for every n € N, for details, refer to (3.5) in Proposition 3.11. Employing these
properties, we now establish the following

n n
~ 1 . 1
||T§en||p < Lk,p E e max(q,p}(aj"‘a”*ﬁrl) < Lk,p § e M maxiq.p] "
j=1 j=1
on

1 1
= Lk,pne M max{g.p1 = Dka,pe 2Mmax{g.p} " = D[JLk,p”en”ZMmax{q,p}

This says that f,g is topologizable. O

The proof of the following theorem follows by analogous arguments to those in
Theorem 5.4 and is therefore omitted.

Theorem 5.5 Let o = (ay)nen be a stable sequence, B € (A1(a)), and assume that
the power series space of finite type A1 () is nuclear. Then,

(i) fﬁ 1 A(@) = A (@) is m-topologizable if and only if for every p € N there exist
q € Nand D), > 0 so that for every k € N there is Ly, such that

*k k —ta
B, | < Dhema

foreveryn € N.
(ii) Tg : Ai(a) — Aj(@) is power bounded if and only if for every p € N there exist
q € Nand C, > 1 so that

_1
1B < Cpea™

foreveryk,n € N.
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From Proposition 2.7 and Theorem 2.8, one can deduce the following:

Corollary 5.6 Let o = (ay)qen be a stable sequence, B € (A1(a)), and assume that
the space A1(a) is nuclear. Suppose that if for every p € N there exist ¢ € N and
Cp > 150 that

1B < Cpe™ 7
foreveryk,n € N. Then the dual convolution operator Tﬁ : A1(a) = Aq(a) satisfies
the following properties:

1. fﬁ is power bounded.
2. Tg is mean ergodic.

3. Tﬁ is uniformly mean ergodic.

T n
4. Tﬁ is Cesdro bounded and 1lim A _ 0, pointwise in A1(w).
n—o00 n

6 Topologizability and Power Boundedness of Toeplitz Operators
Tg,gon Ai(n) and A (n)

In this section, we aim to establish necessary conditions for the Toeplitz operator
Ty g, defined on the power series spaces A1(n) and A (n), to be topologizable,
m-topologizable, and power bounded. This, in turn, will allow us to identify neces-
sary conditions for the operator 7F to be topologizable, m-topologizable, and power
bounded on the spaces H(C) and H (D).

. . . . Inn )
Since the sequence (n),¢N is stable and satisfies lim —— = 0, the power series
n—-oo n

spaces A1(n) and A (n) are nuclear, in this setting, the operator

To.p 2 Ar(n) — Ar(n)
To,p = Ty + f,g

is well-defined and continuous for all 6 € A,(n) and g € (A, (n)), r € {1, co}.

The operators T(.) and Tﬂ, and are generally non-commuting, it becomes essential to
examine the behavior of T@ and T,g on the spaces Aj(n) and Ay (n) in greater detail.

Definition 2.4 introduced the concept of strongly tame operators, which naturally
ensures m-topologizability. Furthermore, when the constants C), satisfy C, < 1 for
all p € N, the operator becomes power bounded. Given that this property is preserved
under both operator addition and multiplication, we aim to identify conditions guar-
anteeing that both Ty and Tﬁ are strongly tame. This will, in turn, ensure the desired

properties for the operator Ty g = Tp + Tp.

Proposition 6.1 For every 0 € A1 (n), the convolution operator @ A i(n) = A(n)
is strongly tame since

~ 1
IToenllp < e [10ll2pllenll p

holds for every p,n € N.
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Proof Let6 € A(n). Forevery p, n € N, the inequalities

°° 1 i 1/ 1, 1.
”Teen”p _ Z |9j—n|e_;j _ Z |9j_n|€_ﬁ(‘l_n+l)€2il’(]_n+l)€_pj

j=n j=n

© 1 1 1

— Z |9j—n |e_E(]_”+1)e_E(]+”)eE
j=n

o
11 L AL
<ewe " 3 10 ale” I = e 8]0 llenll,

holds. This implies that 7‘\9 : A1(n) — Aj(n) is strongly tame by Lemma 2.5.

[}

Proposition 6.2 For every 6 € A (n), the convolution operator T"g  Aso(n) —

Aoo(n) is strongly tame since
IToenllp < 101l pllenllp

holds for every p,n € N.

Proof Let 6 € Axo(n). For every p, n € N, the inequalities
o 00
Toenll, = Z 10j_nle?) = e Z 10 _nleP ™
Jj=n j=n

o
j—n+1
< e 10 ale? T = 0]l llenll
j=n

holds. This implies that T}; : Aoo(n) = Axo(n) is strongly tame, by Lemma 2.5.

Proposition 6.3 Let Aoo(a) be a nuclear space and B € (Aso(ay)). If A

ZOO . |Bn—1] < o0, then it follows that
n=

ITgenllp < Allenllp

O

foreveryn, p € Nand this implies that the dual convolution operator Tﬁ tAso(@) =

Ao(a) is strongly tame.

Proof Forevery B € (Axo(a)) satisfying A = ZOO X |Br—1] < o0, it follows that
n=

n n n
1 Tgenll =Y 1Ba—jlllejly =Y 1Bu—jle’™ < e’y |8l
Jj=1

j=1 j=1

n
=P > " |Bjo1] < AeP = Alleall,
Jj=1
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for every n, p € N. Hence the dual convolution operator T,g Ax(0) = Axo(@) is
strongly tame by Lemma 2.5. O

Proposition 6.4 Let f € (A1(n). IfB=Y |Buile” < oo, then it follows that
n=

”Tﬂen”p = B”en”p
for every n, p € N and this implies that the dual convolution operator Tﬂ :Ai(n) -
A1 (n) is strongly tame.

Proof For every 0 € (Ao (o)) satisfying B = Z N |Bu—1le" < o0, it follows that
n
_ n 1 1, n L)
1Tgenllp =D |Bujle 7/ =e 7" [Bujlev
j=1 j=1

n—1
_1 1 _1
=e " E |Bjle?” < Be™ 7" = Blleyllp
j=0

for every n, p € N. Hence the dual convolution operator ff; cA1(n) = Ai(n) is
strongly tame by Lemma 2.5. O

Proposition 6.5 Let 0 € Axo(n) and B € (Axo(n))'. The Toeplitz operator Ty g :
Aoo(n) = Aoo(n) is

(i) strongly tame, and hence m-topologizable if ZOO X [Bn—1] < oo.
n=
(ii) power bounded lflszggl el , + ZnEN [Bn—1] = L.

Proof Let 0 € Axo(n) and B € (Axo(n))’. The convolution operator ?g is strongly
tame and

1 Toenllp < 11011 pllenll,
holds for every p,n e N.If A = Z . |Bn—1] < o0, the dual convolution operator
n
Tg : Aoo(n) = Aco(n) is strongly tame and
1Tgenll, < Allenll

for every n, p € N. Hence, we obtain

Ty genllp = IToen + Tgenll < 1 Toenllp + I Tgenll
<61, + Alleall»

for every n, p € N. This implies that Ty g is strongly tame, and hence it is m-

topologizable. Moreover, if sup |0, + Y _ [Bs—1| < 1, it follows directly that Ty, 4
N

. Pe neN
is power bounded. O
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An analogous result holds for the power series space of finite type A (n), as stated
in the following proposition. As the proof is based once again on the property that the
sum and the product of strongly tame operators remain strongly tame, it is omitted.

Proposition 6.6 Let 0 € Ai(n) and B € (A1(n)). The Toeplitz operator Ty g :
Ai(n) — Ai(n)is

(i) strongly tame, and hence m-topologizable if Z |Bu_1le" < oc.
neN

1
(ii) power bounded if sup e?? ||0|l2, + Z |Bn_1le" < 1.

peN neN

The following result follows as a direct consequence of Proposition 2.7 and Theorem
2.8.

Corollary 6.7 Let 0 € A, (n) and B € (A, (n)), r € {1, c0}.
(a) The Toeplitz operator To g : A1(n) — A1(n) is

1. power bounded,
2. mean ergodic,
3. uniformly mean ergodic,
f n
4. Cesdro bounded and lim b _ 0, pointwise in A1(n)
n—oo n

1
provided that sup 27 |02, + Z |Bu_1le” < 1.
peN neN
(b) The Toeplitz operator Ty g : Aoo(n) — Aoo(n) is

1. power bounded,
2. mean ergodic,
3. uniformly mean ergodic,

~

T n
4. Cesdro bounded and lim A _ 0, pointwise in Aoo(n)
n—oo n
provided that sup [|0]|, + Y |Ba—1] < 1.
peN neN

Next, we turn our attention to Toeplitz operators defined on H(C) and H (D). As
shown in Theorems 3.1 and 3.2, for a symbol F, the entries of the Toeplitz matrix
associated with the operator Tr, defined as in (3.1) and (3.2), arise from the Laurent
expansion of F at the origin. Building upon this and Propositions 6.5 and 6.6, we
derive the following corollaries.

o0

Corollary 6.8 Let F(z) = Z a, 7" be a holomorphic function in a punctured neigh-
n=—00
borhood co. The Toeplitz operator Tr : H(C) — H(C) is

o
(i) strongly tame, and hence m-topologizable if Z la_p+1] < oo.

n=1
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o0
(ii) power bounded if sup Z lay|eP" | + Z la—ns1] < 1.
PEN \n=1 neN
o0
Corollary 6.9 Let F(z) = Z anz" be a holomorphic function in some annulus

n=-—0o0

{R < |z| < 1} R < 1. The Toeplitz operator T : H(D) — H(D) is

o
(i) strongly tame, and hence m-topologizable if Z la—pt1le" < oo.
n=1
1 o0
(ii) power bounded if sup e?r Z lan|e*?" | + Z la_ps1le" < 1.
peN n=1 neN

We again apply the Proposition 2.7 and Theorem 2.8 to obtain the following.

e¢]

Corollary 6.10 (a) Let F(z) = Z anz" be a holomorphic function in a punctured
n=-—00
neighborhood co. The Toeplitz operator Tr : H(C) — H(C) is
1. power bounded,
2. mean ergodic,
3. uniformly mean ergodic,

~

n—o0

T n
4. Cesdro bounded and i A 0, pointwise in A1(n)
n

o0
provided that sup Z lan|e?™ ) + Z la—p+1] < L.

peN \;, neN
o
(b) Let F(z) = Z a,z" be a holomorphic function in some annulus {R < |z| < 1}

n=—0o

R < 1. The Toeplitz operator Tr : H(D) — H(D) is

1. power bounded,
2. mean ergodic,
3. uniformly mean ergodic,

’f n
4. Cesdro bounded and lim A _ 0, pointwise in A1(n)

n—oo n

o0
1
provided that sup e2p Z laneP" ) + Z la_pi1le” < 1.
peN n=1 neN
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