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Abstract

This paper investigates the static and dynamic response of an elastic circular plate, focusing on forced vibrations. The plate
is modeled as resting on a unilateral two-parameter foundation and subjected to both rotationally symmetric distributed and
concentrically applied concentrated loads, all of which are time-dependent. The two-parameter foundation model incorporates
non-local properties, and the plate is assumed to exhibit non-local elastic behavior. Additionally, the foundation is considered
unilateral, accounting for potential separation between the foundation and the plate. The present study incorporates two
characteristic parameters of the nonlocal foundation g, and the plate u to capture size effects of the foundation and plate.
Within this framework of these assumptions, the static and dynamic behavior of the plate is studied by deriving the lift-off
condition of the plate from the foundation. The governing equation of the system is formulated by accounting for the foundation
beyond the contact region. An approximate solution is obtained using the Galerkin method. Given the rotational symmetry
of the plate geometry and loading, the displacement function is assumed to have the same symmetry and is expressed using a
symmetric Chebyshev polynomial expansion, which includes the contact region. To address a broad range of foundation, plate
and load parameters, special attention is given to adopting non-dimensional parameters. Because of the nonlinear response of
the unilateral foundation, numerical treatment is performed using an iterative solution procedure in the static case. Detailed
numerical solutions are presented to investigate both static and dynamic behaviors of the plate. For dynamic loads, the
second-order differential equation of motion is solved numerically using constant acceleration procedures. The effects of the
plate and the foundation parameters are studied under various loading scenarios for both static and dynamic cases. Although
arbitrary time variations are assumed for the loading, a stepwise time increment is employed in the numerical analysis for both
concentrated and uniformly distributed loads, with forced vibration studied comparatively. Numerical results are presented to
offer insight into the time variations of the contact region and the displacements at both the center and edge of the plate, for
various plate and foundation parameters. Plate lift-off which induces nonlinear behavior is evidenced by the results presented.
The effect of unilateral foundation characteristics on the static and dynamic behavior of the circular plate is illustrated through
a comprehensive parameter analysis.

Keywords Elastic circular plate - Unilateral support - Static and dynamic response - Forced vibrations non-local foundation -
Non-local plate

1 Introduction

The application of plates on elastic foundations is prevalent

across a range of engineering fields, encompassing the struc-
tural, geotechnical, mechanical, and aerospace disciplines.

X Zekai Celep This broad applicability has sustained ongoing interest in
zcelep@fsm.edu.tr understanding the static and dynamic behaviors of plates on
I Department of Civil Engineering, Faculty of Engineering, elastic foundations [1]. Among the various plate shapes, cir-
Fatih Sultan Mehmet Vakif University, TR-34015 cular and rectangular plates are the most commonly used,
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machine parts, building slabs, and aircraft wings. Exten-
sive investigations on design and verification analyses can
be found in engineering literature, based on approximate,
numerical, analytical, and semi-analytical techniques.

In these analyses, various foundation models of increas-
ing complexity have been proposed to represent the soil,
which inherently exhibits sophisticated behavior. One of the
simplest models is the Winkler model. In the Winkler foun-
dation model, the foundation reactions are assumed to be
a linear function of the displacements. Furthermore, it is
assumed that the foundation responds to both compression
and tension in the same manner and remains in contin-
uous contact with the structure, simplifying the analysis
considerably. This conventional model treats the soil as con-
sisting of separate elastic springs. However, this assumption
becomes questionable when the transmission of tensile reac-
tions between the structure and the soil is considered. The
challenge in problems involving only compressive support
is the consideration of separation between the structure and
the foundation. The separation and contact regions are not
known as a priori and depend on the parameters of the founda-
tion, structure, and loading. The onset of support separation
introduces nonlinearity into the analysis, typically requir-
ing iterative numerical techniques. Due to this difficulty,
studies involving unilateral, i.e., tensionless, Winkler founda-
tions, are relatively limited. The inclusion of time-dependent
loads further restricts these studies, as incorporating inertia
forces complicates the solution. Research involving circular
and rectangular plates on unilateral Winkler foundations is
more common, particularly when considering circular and
Cartesian symmetry. Often, iterative numerical techniques
are employed to solve the problem’s governing nonlinear
equations.

Analyses of structures supported by several foundation
types have been examined by Kerr [2—4], where it is pointed
out that for a beam supported by a Winkler base, the load
level affects the separation point location between the beam
and the foundation. He pointed out that an intuitive approach
to defining boundary conditions can yield erroneous assump-
tions.

The static response of plates supported by unilateral Win-
kler foundations has been the subject of extensive research.
Weitsman [5, 6] examined an infinitely extended plate on
an elastic foundation that reacts only in compression, under
the action of a concentrated load. Special consideration was
devoted to the mechanism by which the plate separates
from the foundation. Kamiya [7] analyzed the axisymmet-
ric response of a circular plate, clamped at its outer edge,
resting on a bi-modulus unilateral foundation. The extent of
the lift-off region in unilateral foundation has often been of
particular interest, especially when the perimeter of the plate
is completely free or simply supported, allowing for poten-
tial separation from the support. Villaggio [8] investigated a
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rectangular plate supported on a unilateral Winkler founda-
tion, assuming the plate to be weightless and subjected to a
concentrated load at its midpoint. The study focused partic-
ularly on the configuration of the contact region where the
foundation separates from the plate. Dempsey et al. [9-12]
studied the detachment of the edges of a simply supported
rectangular plate on a unilateral foundation, assuming the
supports could only transmit compression. They assessed the
boundaries of the lift-off region and evaluated the compres-
sive support reactions to check vertical equilibrium.

Numerous investigations have addressed the behavior of
plates under unilateral support from elastic foundations.
Ascione and Grimaldi [13] studied the static response of
an elastic plate with the foundation modeled as a half-
space, incorporating the possibility of lift-off. Kocatiirk [14],
Akbarov and Kocatiirk [15] explored the effect of the plate’s
orthotropy. Hong, Teng, and Luo [16] studied axially sym-
metric plates and shells on an elastic tension-free foundation
using the finite element method. A method for the numer-
ical analysis of plates on unilateral elastic foundations was
developed by Silva, Silveira, and Goncalves [17], in which
the finite element method was employed for the discretization
of both the foundation and the plate. Some of the static prob-
lems were generalized to include dynamic loads, resulting
in forced vibration oscillations of the plate. A comprehen-
sive review of plates and beams on elastic foundations,
including numerical methods, was provided by Wang, Tham,
and Cheung [18]. Considering practical significance, the
dynamic behavior of rigid footings supported by tension-free
elastic Winkler foundations is examined by Psycharis [19].
Al-Shugaa, Musa, and Al-Gahtani [20] employed energy
and Ritz techniques to analyze thin plate bending behav-
ior on non-homogeneous foundations. The accuracy of the
obtained solution was enhanced through the incorporation
of the fundamental solution into the polynomial expression.
This approach effectively enhanced the precision of natural
boundary conditions along the plate’s free edges and enabled
the accurate representation of singularities occurring at the
internal column supports.

A circular plate on a unilateral Winkler support, loaded
uniformly over a circular arc, is analyzed by dividing it into
two cylindrical regions. Continuity at the interface and unilat-
eral simply supported edge conditions are imposed (Celep,
Turhan, and Al-Zaid [21]). Celep [22] investigated a free
circular plate resting on a unilateral Winkler base under an
eccentric vertical load, minimizing the total potential energy
of the system. In their study, Celep, Turhan, and Al-Zaid [23]
analyzed the contact interaction between a unilateral Winkler
foundation and a circular plate by utilizing the free vibration
mode shapes of a fully free plate, with the lift-off bound-
ary condition approximated through a harmonic averaging
technique.



Arabian Journal for Science and Engineering

Celep and Turhan [24] investigated the axisymmetric
vibrations of a circular plate subjected to a time-dependent
concentrated vertical dynamic load, assuming the plate rests
on a unilateral foundation. The solution was obtained using
the Galerkin method and the modal functions of the com-
pletely free plate. Celep [25] studied the responses of a
plate-column system on a unilateral Winkler foundation, sub-
jected to free vibration, harmonic ground motion, and the El
Centro 1940 earthquake. Giiler and Celep [26] presented the
static and dynamic behavior of a circular plate on a unilateral
Winkler support, using the Galerkin approach and assuming
the plate is subjected to vertical loads and centric external
moments which are time-dependent. Celep et al. [27, 28]
investigated a rigid circular plate supported by a unilateral
Winkler foundation along its edge under static and dynamic
loads, as well as the behavior of a circular elastic plate on a
tensionless foundation. In the latter work, the geometry and
the load were assumed to be rotationally symmetric, and the
analysis was conducted using the Galerkin method.

The Pasternak and Wieghardt foundation models, which
are two-parameter models, can be considered a non-local
extension of the Winkler model. In this model, the dis-
placement at a point on the foundation depends not only
on the external pressure at that point but also on the exter-
nal pressure at neighboring points. Celep, Giiler, and Demir
[29-32], Dimitrovova [33], and Ghafarian and Ariaei [34]
have conducted studies on the static and dynamic response
of beams, plates, and rectangular plate-column systems rest-
ing on tensionless Pasternak foundations. Various solution
techniques, including the minimum potential energy method,
the Galerkin method, and the use of Lagrange equations, are
available in the literature presented by Celep et al. [35-40],
Dang et al. [41]. The use of Chebyshev polynomials for
the displacement series of plates has found several appli-
cations in solving problems for plates of triangular and
rectangular shapes, taking advantage of their completeness
and rapid convergence properties, as well as their defini-
tion on a finite interval as given by Celep et al. [42-45]
and Huang et al. [46]. One of these studies investigates
a rectangular plate supported by a two-parameter unilat-
eral foundation under static and dynamic loads, similar to
the analysis presented for the circular plate in this study.
In the study, there are governing equations of the nonlocal
Mindlin plate theory for bending of magnetoelectroelastic
nanoplates resting on the Pasternak elastic foundation using
the variational principle by Feng et al. [47]. For the gov-
erning equations of the bending problem, the method of
the polynomial particular solutions is developed. The new
method enables to consider the effects of different bound-
ary conditions, applied loads, and geometrical shapes on the
bending properties of the nanoplates. It is shown that the
presence of nonlocal effect can increase the absolute values
of the deflection and rotation. A nonlinear static analysis of

a circular/annular nanoplate on the Winkler—Pasternak elas-
tic foundation based on the nonlocal strain gradient theory
is presented by Sadeghian et al. [48], considering circular
geometry. Solution of the governing equations in circular
coordinates is accomplished by applying the differential
quadratic method. The results show that displacement of
the plate decreases with the increasing order of the shear
deformation theory and the increase in the strain gradient
parameter and causes decreases in the non-dimensional max-
imum deflection of the nanoplate. A non-classical model
for a Mindlin plate on a two-parameter Winkler—Pasternak
foundation model foundation is developed using a modified
couple stress theory including a surface elasticity theory by
Gao and Zhang [49], and the solutions of the static bending
and free vibration of a simply supported rectangular plate are
presented an illustrative example for the new plate model.
Foyouzat and Mofid [50] presented solution for the static
bending response of an axisymmetric thin circular/annular
plate with different boundary conditions on Winkler foun-
dation by adopting infinite power series expansion of the
deflection function employed. The method is applied to
plates having free, clamped, hinged, and elastically restrained
boundaries.

Nonlocal elasticity theory in mechanical modeling of the
structures assumes that the state of stress at a given point
in a material is determined not only by the state of strain
at that point, but also by the state of strain of the neighbor-
ing points accepting that its effect decreases with distance
at other points. In the two-parameter soil model consid-
ered here, the displacement at any point is assumed to be
affected by the foundation reaction of all points of the soil in
away that decreases with distance. From this perspective, this
two-parameter foundation model also has a nonlocal charac-
teristic. In this study, an attempt is made to study the behavior
of the plate by combining the nonlocal characteristics of the
plate and the soil, and the dependence of the results on the
nonlocal parameters is examined.

Unlike the aforementioned studies which generally con-
sider bilateral (bonded) contact, in the present study, a
completely free circular plate supported by a unilateral (ten-
sionless) two-parameter elastic foundation is considered.
Foundation is modeled as a combination of elastic springs,
similar to the Winkler foundation and an elastic membrane
that provides interactions between the springs. This inter-
action ensures that the two-parameter foundation exhibits
non-local behavior. The circular plate is assumed to be
subjected to a rotationally symmetric uniformly distributed
load and a concentrically applied concentrated force. Since
the geometry, boundary conditions, and the loading of the
problem exhibit rotational symmetry, this property is incor-
porated into the derivation of the governing equation and
the solution process. The governing equation is achieved
by combining the equations of the linear elastic non-local
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plate with the two-parameter unilateral foundation model.
In this approach, both the foundation and the plate can be
considered as a generalization of the Winkler foundation
and Kirchhoff plate, respectively, by incorporating non-local
properties into both. Furthermore, since it is well known that
no tensile reaction can be transmitted between the founda-
tion and the plate, the foundation is assumed to be unilateral.
Owing to this unilateral property, separation between the
foundation and the plate is taken into account, resulting in
a governing equation with pronounced inherent nonlinear-
ity. Separation condition is developed in the two-parameter
foundation and implemented in the numerical solution. In
solution, the displacement field is expressed as a series of
Chebyshev polynomials in the radial direction, ensuring that
rotational symmetry is satisfied. The static and dynamic
behavior of the plate is investigated, with numerical findings
presented in comparative figures. To validate and assess the
accuracy of the proposed formulation, particular attention is
given to the displacements of the plate, the extent of the con-
tact region, and the equilibrium of the vertical forces. Global
vertical equilibrium of the forces applied to the plate is devel-
oped and numerically checked in the static solution and in
every time step of the dynamic solution which can be consid-
ered as a numerical inspection of the numerical solution. This
check serves as a validation of the numerical stability and acts
as a residual check for the dynamic solution, ensuring that
the equations of motion are satisfied at each time step. The
analyses are carried out for both static and dynamic cases
in which inertial effects are also taken into account. Certain
results are compared with those obtained using the SAP2000
software [51].

In this study, since the two-parameter foundation is con-
sidered, an additional edge force comes into being due to the
second foundation parameter at the outer edge of the com-
pletely free plate, the vertical component of which affects
the plate shear force, when the plate is completely contact
with the foundation. The reason this term is not seen in the
most solutions is that the plate is often considered to be sim-
ply or built-in supported at its relevant edge, and this term
appears as a part of the support reaction and does not affect the
edge boundary condition. The condition regarding the sepa-
ration of the plate from the foundation in the two-parameter
foundation is also given depending on the properties of the
foundation parameters. Care has been taken to write the gov-
erning equation with the selected dimensionless parameters,
to obtain the numerical solutions using these dimensionless
parameters, and to interpret the results accordingly.

2 Non-Local Foundation Model

Since the problem is rotationally symmetric, the governing
equations for the foundation model are provided for this spe-
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cific case for brevity. The Winkler foundation assumes that
the foundation consists of unconnected elastic springs, with
the deflection of the foundation W (R) is directly proportional
to the foundation reaction Pr(R) at the same point,

W(R) = Py(R)/K, ey

which is a linear local elastic foundation model that estab-
lishes a one-to-one relationship between displacement and
foundation reaction at the point of interest. The propor-
tionality coefficient K, is referred to as the foundation
spring stiffness. This model is generalized by Pasternak and
Wieghardt by incorporating a second parameter, as given by
Capurso [52], in polar coordinates for the rotationally sym-
metric case

+00 +00

Ww)= o [ [ Kupor, @R @)

—00 —00

where K ,(B2) is the modified Bessel function of the second
kind of zero order, and A = |R — E| is the distance between
the point (R) where the displacement is evaluated and the
point (R) where the kernel function represents interaction
between the two points and g2 = G,/K,. The displace-
ment at a point on the foundation depends not only on the
external pressure at that point but also on the external pres-
sure at neighboring points. This model can, therefore, be
considered a non-local elastic foundation model. The corre-
sponding mechanical model generalizes the Winkler model
by adding a shear layer or a stretched membrane on the Win-
kler springs, where G, corresponds to the tensile force of the
stretched membrane and denotes a membrane stiffness of the
foundation. The integral relationship (2) can be expressed in
an equivalent differential form in cases exhibiting rotational
symmetry:

Zw

Pf(R, t)=K,W(R, t) — Go(m

19w

3 Non-Local Plate Model

Since the rotationally symmetric problem is considered, the
governing equations of the model of the foundation and plate
are given for this case only. According to the classical elastic-
ity developed for a Hookean solid, the strain €(R) is related to
the stress o(R) at the same point, i.e., @ = C", where C s the
elasticity tensor. In the non-local elasticity, it is assumed that
stress at a point is a function of the strains at all points in the
structural element, with the influence decreasing inversely
with the distance from the specific point. The Hooke’s law
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for the stress—strain relationship in the non-local elasticity, as
described by Eringen [53], can be expressed in a rotationally
symmetric case as follows,

+00

o(R) = f KO)C"(RYAR 4)

0

where K(A) = K (|R — E|) denotes the kernel function
which establishes the non-local interaction between points
and reaches to its maximum at R = R and attenuates for
large distance, displays analogous to a Dirac delta function,
and includes an internal characteristic length for the material.
This stress—strain relationship can be expressed as follows as
well,

(1 —pu’A)o = Ce (5)
where u? = ega2 is the non-local parameter, which includes
the characteristic length, o is the stress tensor and € is the
strain tensor and C is the elasticity tensor which includes the
material parameters. The nonlocal theory of elasticity pro-
posed by Eringen [53] has been widely used in many nanome-
chanical problems including wave propagation, vibration
analysis of nanobeams, nanotubes, carbon nanotubes, and
microtubes. The theory includes scale effects to include tthe
nonlocal effects in the materials. The characteristic length
represents the non-local interaction between the neighboring
points. When the characteristic length approaches zero, i.e.,
u — 0 non-local elasticity reduces to the conventional local
elasticity. For a two-dimensionally rotationally symmetric
case the equation

1 2 d? + 1 d Orr | _ E Iv Err
" <m Eﬁ) [of2T:] o 1-— 1)2 v1 £99
(6)

By using these constitutive equations, the equations for
bending moment and shearing force of the non-local circular
plate for having rotationally geometry and loading can be
driven as follows,

2
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The Cartesian form of these equations is found in the
study by Nami and Janghorban [54] and Papargyri-Beskou
and Beskos [55]. By using the equations above the govern-
ing equation of the plate having circular symmetry can be

obtained as follows,
2 1 9 \[/W 1w
Dl —+—— | —=+——
dR?2  ROR dR?2 R OR

2 19
=1 =2 — + -
[ M<8R2+R3R>:|

2

W
X Q(R, l‘)—mW—Pf(R, t) (9)

where m is the mass per unit area, 4 is the thickness of the
elastic circular plates, E and G are the moduli of elasticity
and shear, v is Poisson’s ratio, and D = E h3/12(1 — v?)
bending stiffness of the plate. In the governing equation ordi-
nary differentiations are written as partial differentiations to
include the time variations of the loads Q(R, ?), the displace-
ment function W(R, 1), and the foundation pressure Pr(R,
t). Correspondingly the governing equation includes the iner-
tia forces.

4 Analysis of Circular Plate on Elastic
Foundation

A circular elastic plate, shown in Fig. 1, is considered to
be resting on a unilateral elastic two-parameter foundation
characterized by a spring stiffness K,, together with a sur-
face membrane carrying a tensile force G,, as illustrated in
Fig. la. It is assumed that the plate is subjected to a rota-
tionally distributed load Q,(R, t) and a concentrated load
P,(t) acting at its center. Since these loads are a function
of time, the plate displacements are also dependent on the
time, W(R, t). Because the unilateral foundation responds
solely to compression, i.e., Pr(R, t) > 0, lift-off and contact
regions having rotationally symmetry are expected. Reaction
of the two-parameter foundation can be written as follows as
given in Fig. 1d,

Pr(R, 1) = H(R, )| K,W(R, 1) — G 2w 13w
A \9RZ " R R

(10)
where unilateral property of the foundation is included by

employing a contact function H(R, ¢) taking the form of a
Heaviside function, in order to represent tensionless founda-

tion as follows (Fig. 1(b, c)):
10w
+ _
R OR

2w

H(R,t)=1 for K,W(R, t)— G()(W

>0 R < Rcontact
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Fig. 1 a Geometry and
coordinate system of a circular
plate supported by Wieghardt
(two-parameter) foundation and

subjected to a rotationally

symmetric distributed load Q,(t,
R) and a concentrated force
P,(t) at the center of the plate,

b force equilibrium at the Contact
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In the two equations above, the non-local character of
the foundation is presented due to differential operators
in the equations above. As it is seen in Fig. 1, the dis-
placement function and its derivatives reach zero at the
contact point where the effect of this Heaviside function
begins, so the Heaviside function does not cause a sudden
jump in the displacement function and its derivatives and
their smooth variations continue. This smoothness condition
prevents numerical chattering during the dynamic contact
update. While the contact point is obtained iteratively in
the static solution using the contact condition (11), in the
dynamic solution, the contact point can be evaluated easily
due to the smooth variation along the time direction. There
is only a discontinuity in the derivative of the displacement
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function at the edge of the plate at the complete contact, which
causes an edge force to appear due to the surface tensile force
of the foundation G,.

The characteristic length, as defined in the non-local
elasticity, corresponds to +/G,/K, in the two-parameter
foundation model. Therefore, the governing equation of the
displacement function W(R, t) can be derived by incor-
porating the effects of both the unilateral two-parameter
foundation and the external forces, including the inertia force,
under circular symmetry, as follows:

Li(R. ) =D 0> Lo \(oePw 1aw
A D=P\aR2 " Ror )\ 9R2Z T R OR
32 L1
+|1—n —
aR2 R AR
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W 1w
x |:H(R, z)|:K0W(R, 1 —G, (W ¥ RM)}
2
+m% = O(R, 1) = Po()3(R = 0)} =0 (12

where the last two terms corresponding to the rotationally
symmetric distributed load Q (R, t) and external concen-
trated load P,(t) applied at the center of the plate and
8(R) denoting the Dirac Delta function. The last equa-
tion, which incorporates the non-local properties of both the
foundation and the plate, represents a generalization of the
plate governing equation as presented by Timoshenko and
Woinowsky-Krieger [1]. In this case, obtaining an exact solu-
tion for the displacement function is highly challenging and
may even be unattainable. Primarily due to the non-local
properties of the plate and the foundation, as well as the
unilateral nature of the foundation, which further compli-
cates the analysis. Additionally, the time-dependent nature
of dynamic problems and their initial conditions introduce
another layer of complexity. Generally, the extent of the con-
tact region on the unilateral support is influenced by both
the parameters of the plate and the loading configuration.
However, it is important to note that the assumed rotational
symmetry simplifies the problem to some extent, ensuring
that the lift-off and contact regions are circular in the case of
the partial contact as well. Therefore, an approximate solu-
tion for the governing equation is sought here through the
application of the Galerkin procedure.

For the application of the Galerkin procedure, the dis-
placement function is assumed to be expressible in terms of
Chebyshev polynomials of the first kind which satisfy the
symmetry condition, i.e., exhibiting even variations [56].

W(R,t)=Aw(r,t1)=A Z A (T) Py (1) (13)
m=1,3,5, ...

where the first-type Chebyshev polynomials are defined as,
P, (r) =cos[(m — 1arc cos(r)] m=1,3,5, ... (14)

The first seven Chebyshev polynomials are displayed in
Fig. lc. Governing equations of the elastic bodies and the
essential and natural boundary conditions can be obtained by
employing the principle of the work as discussed by Reddy
[57]. Galerkin method is one of the weighted residual meth-
ods is developed by requiring that the coordinate functions
which satisfy the essential boundary conditions are orthogo-
nal to the residual function of the governing equation within
the definition region of the problem. In the present analysis
the application of the Galerkin method implemented not only
the residue of the governing equation, to the residue of the
boundary conditions as driven the principle of virtual work.

As it is expected, when the admissible functions satisfy all
the boundary conditions, this part will vanish. In this study,
all boundary conditions are incorporated into the governing
Eq. (12) before applying the Galerkin method. This approach
enhances the accuracy of the numerical results by minimiz-
ing errors arising from the failure of satisfying non-essential
boundary conditions. Specifically, the boundary conditions
at the free edge of the circular plate are properly included
in the governing equation to account for their effects and
enhance the accuracy of the approximation. The application
of the Galerkin method is then carried out as follows:

A
/Ld[W(R, OIP.(R)RdR
0
+LR=At, P R=A)]=0 n=1,3,5,.. (15)

where the second part includes the effects of the boundary
conditions at the edge of the plate which are not satisfied,
i.e., the shear force and the bending moment free conditions

Ly[R=A, t, Py(R = A)]

— P (R) 1 — 2 8_2 + li V
L RAGRZTROR) | e
2
dR dR?2  ROR ReA

+ G0|:<%>R—A+ - (2_:)R_A}

x HRR=A, t)P,(R)p=4 =0 (16)

Due to rotational symmetry of the problem the integration
is carried along the radial direction and the second term is
evaluated for R = A only. In Eq. (16), the first term repre-
sents the shearing force, and the second term corresponds to
the bending moment. The third term reflects the vertical com-
ponent of the force resulting from the membrane stress of the
second parameter in the two-parameter foundation model, as
illustrated in Fig. 1. This term appears when the plate is in
complete contact with the foundation, and the foundation
surface has a discontinuity in slope at the edge of the plate.
The last term is often overlooked in studies involving two-
parameter foundations for various reasons. In fact, this term
disappears when the edge of the plate lifts off. However, when
a support is present at the edge of the plate, this term gener-
ates a vertical force that is directly transferred to the supports
[45]. In Eq. (16), W¢(R) represents the free surface of the
foundation beyond the contact point and will be addressed
later.

Before applying the Galerkin method to Eq. (15) and
consequently to Eq. (16), the shear force V,, and the bend-
ing moment M,, given from Egs. (6) and (7) have to be
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expressed using the selected displacement functions (13) and
substituted. The first and third terms together represent the
boundary condition related to the shear force at the outer
edge of the plate, and the second term represents the boundary
condition related to bending moment. If the selected displace-
ment functions satisfy the shear force boundary condition at
the outer edge, the sum of the first and third terms will disap-
pear; similarly, if they satisfy the bending moment boundary
condition, the second term will disappear, and the application
of the Galerkin method will not yield a remainder term.

Before applying the Galerkin method, a set of non-
dimensional parameters is introduced for simplicity and
clarity. This ensures that the subsequent conclusions and the
numerical results remain valid across a wide range of param-
eter values.

P,(1)A 0,(1)A3 K, A% G,A?
po(f) = qo(f) = D ko = D 8o = D
r= 5 Tcontact = Reomac T= L T = UL Mo = 2
A A T, »~ D """ A
(17

where Q,(t) is considered as an uniformly distributed load.
Use of the non-dimensional parameters ensures that the
subsequent conclusions and the numerical results remain
valid for a wide range of the parameter value, i.e., in this
way, a very wide numerical range of the parameters of the
problem is considered. In the graphical presentation of the
numerical results, the numerical range of the parameters is
chosen so that the effect of the nonlocal parameters can be
seen. The use of dimensionless parameters also provides
dimensional control in obtaining the governing equations of
the problem. For instance, in the context of nanomechan-
ics, the non-dimensional non-local parameter values (i)
explored here correspond to typical material length scales
observed in graphene sheets or carbon nanotubes, whereas
for macro-scale civil engineering structures, this parameter
would naturally approach zero.

As is well known the Chebyshev polynomials are defined
within the interval of —1 < r < +1 and include odd and
even functions. Due to the symmetry in the present case only
the even polynomials will be used for 0 < r < +1 as shown
in Fig. Ic. The first even Chebyshev polynomial P;(r) = 1
represents the rigid translational displacement of the plate
along the w(r, 1) axis. The higher-order even polynomials,
such as, P3(r) = 2r2 — 1, Ps(r) = 8rt—8r2+1,..., repre-
sent plate displacements which result in elastic deformations.
Since Chebyshev polynomials are mathematically complete
orthogonal function sets, they are preferred as admissible
coordinate functions. They offer several advantages as well,
including relatively fast convergence and improved stability
during numerical computations. These polynomials can pro-
vide acceptable approximations even by using fewer terms in
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the expansion and enable the extraction of effective solutions.
Additionally, Chebyshev polynomials offer straightforward
and uniform representation similar to the cosine expressions,
which significantly enhances the efficiency of the analysis.
However, in the present application, due to the rotational
symmetry of the problem, only even polynomials within
the interval 0 < r < +1 are adopted, differing from the
general use. The numerical treatment of the integrals involv-
ing Chebyshev polynomials is implemented using MATLAB
[58]. Another strategy for choosing the displacement func-
tions would involve using the rotationally symmetric free
vibration mode functions of a completely free plate, which
satisfy the boundary conditions completely. Nonetheless, this
selection presents a numerical limitation, particularly due to
the dealing of large numbers associated with the regular and
modified Bessel functions of the first kind when higher vibra-
tion modes are considered.

The use of higher-order Chebyshev polynomials is
intended to describe both rigid translation and elastic defor-
mations. As expected, when the relative foundation stiff-
nesses k, and g,, with respect to the plate bending stiffness
D, are relatively low, the contribution of rigid translation to
the displacement of the plate becomes significant relative to
elastic deformations. In this case, numerical accuracy can be
achieved by considering only a minimal number of coordi-
nate functions, such as Chebyshev polynomials, in addition
to rigid translation. However, when the relative stiffnesses
are large, the significance of the elastic deformations of the
plate becomes more pronounced. In such cases, the numeri-
cal treatment requires relatively great number of coordinate
functions, i.e., higher-order Chebyshev polynomials, to cap-
ture accurately the elastic deformations of the plate.

By utilizing non-dimensional parameters, the application
of the Galerkin approach to the governing equation leads to
the following:

1

fzd[w(r, )| P,(r)rdr

0
+Lr=1,7, P,r=1)]=0n=13,5 .. (18)
where
L. ) a4w+2a3w 182w+ 1 dw
r)=\—F+t-F7x 575+ —
d art rord  r209r2 3 9r

2 19
2
¥ [1 ‘Mo(ﬁ*?;ﬂ

2
X |:H(r, r)|:k0w(r, T)— g(,(aaTlg + %%—1:))}

82
+% — 4o(T) = po(T)(r = m}

Lplr =1, 1, Py(r =1)]
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The insertion of the displacement function (13) into the
functionals within the governing Eq. (18) yields to the expres-
sions shown below:

! oo
/Z [Am P’”(r)+2A P
0

m=

—_

AmP (r)+ 1AmP (M1 P,(r)rdr
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xHr =1 1)P,r =1 = (20)

The differentiation with respect to » is denoted by
the prime notation. Rearranging the above equation gives
second-order nonlinear differential equation set which is the
governing equation of the problem with respect to the non-
dimensional time 7,

i[ d’A m(r>

Cnm(T)Am(T)] =Dy(t) n=1,3,5, ..

(21)
where

1

Bum = / Po(r) Pu(ryrdr — 12
0

1
x / |:Pn(r)Py:(r)+an(n)Pr;(r):|rdr
r
0

1

Dy(7) = /Qo(r, )Py (r)rdr +Po(f)/5(0)Pn(r)rdV
0
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By is related to inertial forces and can be accepted the
mass matrix of the problem, although the mass per unit area
of the plate m is not directly obvious in its terms, because
it is included in the definition of non-dimensional time t.
The matrix D,, represents the effect of the external loads,
and the matrix Cy,, includes indirectly the bending stiffness
of the plate and the foundation stiffness, where these stiff-
nesses are not seen directly, because they are included in
the definition of the non-dimensional parameters. The matrix
C,m depends on time, because the Heaviside contact function
defines the contact region boundary and introduces nonlin-
earity into the plate’s response. As expected, the unilateral
nature of the support—assuming that no tensile force can
be transmitted between the plate and the foundation—has
a significant impact on the overall behavior. The static and
dynamic plate responses, which involve both forced and free
vibrations, are determined by solving the governing differ-
ential Egs. (21). The unilateral nature of the foundation leads
to a system of nonlinear second-order equations with respect
to time.

Typically, the plate’s governing equation is formulated by
analyzing the balance of internal moments and forces in an
infinitesimal element, while also incorporating the effects of
foundation reactions and inertia forces [1]. Furthermore, the
equilibrium of global vertical forces can be derived from the
free-body diagram of the entire plate, including all exter-
nal forces, such as those resulting from inertia, as follows

(Fig. 1(e)):

A
Pg(t)+2n/ 0o(R, 1) RdR

A

A
W 19w
=27K, | W(R, t)RdR — 271G, — +—— |RdR-
9RZ R AR
o

0
2w AGoHR = A, 0| (V1 v,
— 2 = L —(— ) p_4—
7 ’ IR )gp+r OR’'E=A

2w
+27m / ——— RdR
ar2

o

(23)

where in the left-hand side of the equation sign, the terms
relate to the distributed load Q,(R, t) and the external con-
centrated load P,(¢). The terms in the right-hand side address
to the foundation reaction due to the springs and to the mem-
brane stiffnesses, Py (t) and P,4(t), respectively. The total
foundation reaction consists of as Py(t) = Py(t) + P,(2).
The final component P;(#) denotes the resultant of the iner-
tia forces. The term before last term denotes the unbalanced
component of the membrane tension P, (t) at the edge of the
plate, which emerges due to the discontinuity of the slope
of the membrane at the edge. The overall equilibrium of the
forces can be written using the non-dimensional parameters:
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1
Po(T) + 21 f Qo(r, VY rdr = py(t) + pe(t) + pp(v) + pi(x)  (24)
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In the above equations Wy (R, T) = Awgy(r, t) shows
the surface of the foundation outside the contact point, i.e.,
Reontact < R < 00, 1.€., I'contact < ¥ < 00 which appear as
the solution of the following differential equation

82 W f

10wy
+—L)=o0
9R? " R 9R

Wi(R, t) = Aws(r, ) = A F(1)K ,(sor)

(25)

K,Wi(R, 1) — GO(

(26)

where F(7) is a function of time only which controls time
variations of the foundation surface, fo(sor) is the modified
Bessel function of the second kind and s, = +/k,/g,, where
A/s, corresponds to the characteristic length of the foun-
dation and it is related directly to the nonlocal property of
it. Two-dimensional foundation model approaches Winkler
model as s, — 00.

5 Numerical Treatment

The numerical treatment of the problem involves solving
the nonlinear system of Eqs. (21) for static loading, as
well as solving the system of the nonlinear second-order
differential equations for the dynamic case, including the
associated initial conditions. For static loading, iterations
are performed for the contact region until an acceptable
level of accuracy is achieved. Specifically in the case of
Feontact = Recontact/A < 1, a contact radius is assumed
numerically; the stiffness matrix C,,, and the loading vec-
tor D,, are evaluated using Gaussian quadrature procedure.
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It is important to note that as a requirement of assumption
the last term of the loading vector D, in Eq. (25) vanishes,
i.e., the unbalanced component of the surface tension G,
does not arise, because the complete contact and disconti-
nuity on the slope of the membrane do not exist. Having
determined the constants of the displacement functions A,
from the governing equation, the displacement function and
following the lift-off and the contact conditions (11) the con-
tact radius determined and compared with the one assumed.
If necessary, the accuracy of the result related to the contact
radius can be improved by continuing the iteration procedure
updating contact radius r¢onracr and contact function H(r)
accordingly. In the present case, since the numerical solution
is obtained as the gradual change of a specific parameter for
the graphical representation, obtaining an acceptable result
in iteration did not present a significant difficulty. However,
it is clear that a more meticulous iteration would be required
for a complex change in the loading. In the case of com-
plete contact, i.e., ¥contact = Reontact/A = 1, the last term
of the loading vector D, in Eq. (25) has to be evaluated and
included to the loading vector D,,. In this case, the slope of
the foundation surface at the plate edge can be evaluated from
Eq.(25)asdws(r = 1)/dr = —F(7) soK 1(s0) by assuming
a numerical value for F. The constants of the displacement
functions A, from the governing equation are determined,
and the assumption for F is checked by requiring that the
vertical displacement of the plate edge is equal considering
the free foundation surface and the foundation surface at the
plate.

W (A) = Aw (1) = AFK,(s0)
— W(A) = Aw(l)

A ZZAum(l) (27)

m=1n=1

In this case, if necessary, the approximation of F can
be improved by continuing to the iteration procedure. Since
static problem is considered, the time dependency vanishes
in the above equations. As explained above for the partial
contact case, 1.e., Fconract < 1, iteration is carried out for
Teontact; however, the complete contact case reopraer = 1;
the iteration processes are required for the constant F.

When the dynamic problem is considered, the numerical
treatment begins by determining the initial conditions, which
can be evaluated as explained in the static case above. After
the plate’s initial configuration and the foundation surface are
established, the numerical solution can proceed in the time
direction. This is done by solving the system of the second-
order differential Eqs. (21) along the time direction using the
contact radius 7¢oprac: (T) and the parameter of the free base
surface F'(t) from the previous time step. The accuracy of the
iteration process can be verified by varying the time step. The

numerical findings require the Chebyshev polynomials to be
integrated, including the contact function H(r, t). Numeri-
cal integrations are performed using the Gaussian quadrature
rule, with alimited number of terms. A series of simulations is
carried out to identify the number of terms required to achieve
satisfactory numerical accuracy. These involve varying the
truncation levels of the series and adjusting Gauss integration
point numbers. The resulting data are presented graphically
to assess the accuracy of the proposed method. It was found
that using 20 Gaussian integration points and considering
four terms (i.e., m = 1, 3, 5, 7) provided results with satis-
factory accuracy for the graphical representations. In solving
the system of differential equations, acceptable accuracy is
achieved by employing the standard constant acceleration
method.

Following the determination of the constants of displace-
ment function A, of the plate, all variables of the foundation
and the plate, i.e., the foundation reactions due to the stiff-
nesses k, and g,, the reaction force at the edge of the plate
along its periphery in complete contact case and the shear
force and bending moment of the plate, can be evaluated eas-
ily. To assess the influence of accumulated numerical errors
in the dynamic analysis, results from numerical integration
with varying time step sizes are compared. It is well known
that reducing the time step in the solution of the differen-
tial Eq. (21) can often improve the accuracy of the results,
especially for linear systems. However, this is not always
guaranteed for nonlinear systems, as is the case in the present
analysis. Numerical results provide valuable insights into the
plate behavior under static and dynamic loads, especially
when considering a broad range of the non-dimensional vari-
ables. However, for the sake of brevity, only a limited number
of results are presented.

A straightforward examination of the free vibrations for a
completely free rigid plate resting on a conventional two-
parameter foundation can be expressed by including the
vertical component of the surface tension along the periphery
of the plate (Fig. le).

o d*W, (1)
dt?
AWHR=1,1
_ ZEGOAM
aR
+TAZK,W,(1) (28)

P,()+mA%Q,(t) =7

which yields by using the non-dimensional parameters

ko + @Zsogo]wo(f) = po(1) + Tgqo(T)
K o(s0)

0(So
(29)

dzwo(f)
dt?
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This represents the equation of motion for the sin-
gle degree of freedom system, which provides the non-
dimensional circular frequency of the free vibration and the
translatory static displacement, assuming the loads are static.

K 1(s0) Po/T +q
wg =T |:k0 + _—02s0g0 Wstatic = %
o(S0) ko + ﬁzsogo
(30)

where K ,(s,) and K (s,) are the modified Bessel functions
of the second kind.

Once again, it should be noted that this analysis strongly
emphasizes the use of non-dimensional variables associated
with time, loading, and geometry to guarantee the broad
applicability of the numerical results and conclusions. The
displacements and the circular frequencies obtained for the
rigid plate are employed to check the numerical solution in
general, especially for the plate with high bending stiffness
relative to the spring stiffness of the foundation, where a
dominant rigid displacement of the plate is expected.

6 Numerical Results

MATLAB [58] is used to carry out the numerical analysis.
A systematic investigation is performed to evaluate how sev-
eral plate and foundation variables influence the system’s
behavior. The results are presented in comparative graph-
ical form to highlight these effects. Leissa [59] presents
extensive treatment and numerical results concerning the
free vibration of plates with various boundary conditions
and shapes, including the circular plates with completely
free support conditions. In the present study, properties of
Chebyshev polynomials and Bessel functions, along with
their derivatives, are utilized based on the textbooks of Mason
and Handscomb [56] and MacLachlan [60]. Additionally,
SAP2000 software [51] is employed to validate some of the
numerical results of this study, specifically for both conven-
tional and unilateral Winkler foundation properties, which
represent a special case of the two-parameter foundation
approach. In the application of SAP2000 software to be com-
patible with the present analysis, thin plate assumed where
the transverse shear deformation is neglected. Specifically,
the ‘shell-thin’ element formulation was employed to repre-
sent the Kirchhoff plate behavior. A free plate resting on an
elastic foundation was considered. To implement the uni-
lateral (tensionless) nature of the contact, the foundation
was modeled using compression-only (gap) link elements at
the mesh nodes, ensuring that reaction forces are generated
only under downward displacement. Since the program runs
by using dimensional quantities, the solution is obtained by
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selecting dimensional quantities that match the dimension-
less quantity chosen for the geometry, load, elastic material,
and elastic foundation parameters. After testing with vari-
ous element numbers, 20 and 24 elements are adopted in
the radial and circumferential directions, respectively. The
choice of element numbers was influenced by the accuracy
required to determine the separation point in case the plate
separates from the foundation.

Furthermore, the results for rigid circular plate, i.e., the
static displacement and free vibration periods, are used to
validate the results of the elastic plate. These results are pro-
vided in conjunction with the current findings to facilitate
comparison. The resulting data are presented graphically to
assess the accuracy of the proposed method.

The accuracy of the numerical study is influenced by the
number of Chebyshev polynomials, the number of Gaus-
sian integration points, and the time step interval used in
the dynamic solution. The selection of these parameters was
made by comparing static and dynamic results for vari-
ous values given to these three parameters. After numerous
numerical solutions, it was found that using 20 Gaussian inte-
gration points, considering four Chebyshev polynomials (i.e.,
m =1, 3, 5, 7) and assuming the time step At = 0.1, the
numerical solutions can be obtained with satisfactory for the
graphical representations. In solving the system of differen-
tial equations, acceptable accuracy is achieved by employing
the standard constant average acceleration method which is
a special case of the Newmark’s method assuming y = 1/2
and f§ = 1/4 [61]. This implicit scheme is known for its
favorable stability properties and energy preservation char-
acteristics in structural dynamics. It is obvious that these
values depend on the spatial and time-dependent variations
of the loading, and that in complex loading situations, the
same accuracy can be obtained by considering more Cheby-
shev polynomials and integration points and smaller time
steps.

Figure 2 shows variations in the displacement of the edge
of the plate w,(k,) = w(r = 1, k,), the displacement of
the center of the plate w,(k,) = w(r = 0, k,), and the con-
tact radius rconract (ko ), for different load g, / p, values of the
plate as a function of the spring stiffness of the foundation
ko. The global force equilibrium, i.e., pr(ky,) = po + 7qo,
is checked for all static loading cases to validate the numer-
ical results. In the numerical solution, g, is assumed to be
uniformly distributed. As expected, while the full contact of
the plate occurs at low values of the spring stiffness of the
foundation k,, an increase in the stiffness initiates a lift-off
region at the edge of the plate, which progresses toward the
center. The figure illustrates that as the load g, increases, the
lift-off region is suppressed, and the contact region expands.
As is well known, the contact radius does not depend on
the external load level when the plate is subject to a single
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Fig.2 Variations of a the contact radius rconact (ko). b the displacement
of the center of the plate k,w,(k,)/po, and ¢ the displacement of the
edge of the plate k,w,(k,)/ po, for various values the load g, of the
plate as a function the spring stiffness of the foundation k,

type of loading, i.e., p,. However, displacements vary lin-
early with the loading level, i.e., the displacements of the
plate, w,(k,) and w,(k,), are linearly related to the loading
level, p,. An increase in the applied load increases the dis-
placements proportionally without altering the lift-off region,
thereby maintaining vertical force equilibrium. Conversely,
the lift-off region depends on the loading ratio when two
types of loading are involved, i.e., on g,/ p,. However, this
linear relationship does not hold when multiple loading types
are applied. In such cases, the linearity breaks down. A com-
parison of the displacement variations shows that as stiffness
decreases, the displacements approach those of a rigid plate
or a very flexible foundation, which serves as validation for
the current analysis, i.e., k,wy(k, — 0) = k,w,(k, — 0) &
qo + Po/m. Notably, a more pronounced change is observed
for larger values of the foundation stiffness k.
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Fig.3 Variations of a the contact radius rcontact(ko), b the displace-
ment of the center of the plate k,w,(k,)/ po, ¢ the displacement of the
edge of the plate k,w,(k,)/ po, d the total reaction of the foundation
Ps(ko)/ po, € the foundation reaction pg(k,)/p, due to the membrane
foundation stiffness, and f) the foundation reaction p,(k,)/p, at the
edge of the plate due to the membrane stiffness g, for various values
of the membrane stiffness g, as a function the spring stiffness of the
foundation %,

Figure 3 displays variations in the contact radius
Teontact(kKo), the displacement of the center of the plate
wy(k,y), displacement of the edge of the plate w,(k,), the
total foundation reaction py(k,), the foundation reaction
pg (ko) due to the membrane foundation stiffness g,, and the
foundation reaction p(k,) at the plate edge due to the mem-
brane stiffness g,, all as a function of membrane stiffness
g, relative to the spring stiffness of the foundation k,. The
total foundation reaction p (k,) = pw(ko) + pg(k,) consists
of the reaction applied to the bottom surface of the plate,
resulting from both the spring k, and the membrane stiff-
ness g,. In this case, the global force equilibrium is also
checked, py(ko) + pp(k,) = p, which serves as validation
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Fig.3 continued

for the numerical results. Inspection of the figures reveals
that the variations in the contact radius and displacements
are relatively insensitive to the membrane stiffness within the
examined numerical range, while the foundation reactions,
prko), pg(ks), and p,(k,), show significantly different vari-
ations. The foundation reaction p,(k,) occurs when full
contact is established and disappears in partial contact case
as seen in Fig. le, indicating that the foundation is relatively
flexible.

Figure 4 illustrates variations in the displacement of the
plate edge w, (k,), the displacement of the center of the plate
w,(k,), and the contact radius repnzqcr (ko ), for different val-
ues of the non-local parameter m, = M% as a function of
the spring stiffness of the foundation k,. Here too, the global
force equilibrium is checked as, pr(k,) = po, + 7qo, i€,
which can be regarded as validation for the numerical results.
Furthermore, for a very flexible foundation k,w,(k, — 0) ~
kowg(k, — 0) = g, + po/7 is satisfied as well. The foun-
dation reactions pg(k,) and p,(k,) disappear in this case,

@ Springer

FRR-
Tt
RESYS)

N
FRL-
nonon
0o

kol

N
T

N
IN
T
FRL-
I
.00

r contact(lQl)

S
[

08f
@ |t [24,31,46]

1.0

& 0 7 2 loglk,) 3 4 5

Fig.4 Variations of a the contact radius rcontact(ko), b the displace-
ment of the center of the plate k,w,(k,)/po, and c) the displacement
of the edge of the plate k,w,(k,)/po, for various values of the non-
local parameter of the plate m, as a function the spring stiffness of the
foundation %,

because of the assumption g, = 0. Inspection of the figures
indicates that the variations in contact radius 7 onzqct (ko) and
the edge displacements w,(k,) are not very sensitive to the
non-local parameter m, = ,ug within the numerical range
considered. However, the central displacement of the plate
w,(ky) shows different variations as the foundation spring
stiffness k, increases. Figures 2, 3, and 4 include results from
the previous studies [24, 31] for verification purposes, as
well as the results obtained using the finite analysis software
SAP2000. As can be observed, these results align closely
with the numerical results of the present study.

In the analysis presented, arbitrary time variations for
the external loads can be considered, provided that p,(7) is
applied at the center of the plate and g,(r, ) has a rota-
tional symmetry. However, for simplicity, a specific time
function is employed in the numerical analysis, assuming
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that g,(7) is uniformly distributed. Furthermore, the circu-
lar plate is considered to be initially in equilibrium under
static loads without any initial velocity at t = 0. Then
the loads, p, and ¢,, are suddenly changed to b,p, and
boq,, respectively, for t > 0, where b, < 1 and b, > 1
correspond to sudden decreases (unloading) and increases
(loading), respectively. For all remaining numerical analysis
Po = 1is assumed. Figure 5 displays results for k, = 1000
and g, = g, = m, = 0, Fig. 6 for m, = 0.02 and ¢, = 0.1
and g, = m, = 0, Fig. 7 for k, = 10 and g, = 0.1 and
qo = m, = 0, and Fig. 8 for k, = 1000 and m, = 0.02 and
qo = 8o = 0. The spring stiffness of the foundation k, is
chosen specifically to reveal clearly the effect of the nonzero
parameter. Numerical results for b, = 0.5 and b, = 1.5 cor-
respond to the loading cases where the load is decreased by
50% and increased by 50%, respectively.

Figures 5a, 6a, and 8a display the time variations of the
contact radius rconzac: (7). The time variation is not shown for
ko, = 10 in Fig. 7, because full contact is established in this
case, i.e., r'contact(t) = 1 due to the relatively soft founda-
tion. As expected, nonlinearity emerges when partial contact
occurs due to the unilateral property of the foundation, lead-
ing to a lift-off. Figures 5b, 6b, 7a, and 8b show the time
variations of the center of the plate w,(t), while Figs. 5S¢, 6c,
7b, and 8c display those of the edge of the plate w, (7). In
the dynamic analysis, the contact radius is updated at each
time step in performing the numerical solution. Since a con-
tinuous variation is involved, and the global force balance
by including the inertia force is checked at each step, the
chosen time step ensured that sufficient results are obtained.
An inspection of the figures reveals that nonlinearity is more
pronounced in the variations of the contact radius, while it
appears less significant in the displacements. Figures 5d, 6d,
7c, and 8d present the time variations of the total founda-
tion reaction pr(t) = py(t) + pg(t). Figures Se, 6e, 7f,
and 8e show the time variations of the inertia. Comparison
of Figs. 5a and 6a shows that the presence of a uniformly
distributed load ¢, reduces the lift-off of the plate and sup-
presses the nonlinear behavior. Displacement variations are
relatively larger in the unloading case b, = 0.5 compared to
the loading case b, = 1.5, because the separation of the plate
is more significant during unloading than during loading. The
separation region expands during unloading, decreasing the
global foundation stiffness, which in turn increases the non-
linear behavior of the plate. Conversely, during loading, the
expansion of the contact area reduces nonlinearity.

7 Conclusions

In this research, the behavior of a circular plate under both
uniformly distributed and concentrated loads is explored in
terms of its static and dynamic characteristics. The plate is
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Fig.5 Time variation of a the contact radius r¢ourqc (7), b the displace-
ment of the center of the plate k,w,(7)/po, ¢ the displacement of the
edge of the plate k,w,(t)/p,. d the total reaction of the foundation
ps(t)/Po, and e the total inertia force of the plate p;(¢)/p, for the
loading (b, < 1) and the unloading (b, > 1) cases assuming k, = 1000
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0 02 04 06 08 . 10 12 1.4 1.6
Fig.6 Time variation of a the contact radius r¢onsacs(7),b the displace-
ment of the center of the plate k,w,(7)/po, ¢ the displacement of the
edge of the plate k,w,(t)/p,. d the total reaction of the foundation
p#(t)/ Po,and e the total inertia force of the plate p;(t)/ p, for the load-
ing (b, < 1) and the unloading (b, > 1) cases assuming k, = 1000
and ¢, = 0.1

@ Springer

Fig.7 Time variation of a the displacement of the center of the plate
ko wo(T)/ pos b the displacement of the edge of the plate k,w,(7)/po,
¢ the total reaction of the foundation p (t)/ p,, d the total reaction of the
foundation p¢(7)/p,, e the total reaction of the foundation p,(7)/p,
at the edge of the plate due to the membrane stiffness g,, and f) the
total inertia force of the plate p;(¢)/ p, for the loading (b, < 1) and the
unloading (b, > 1) cases assuming k, = 10 and g, = 0.1

assumed to possess non-local properties and supported by
a unilateral two-parameter foundation. The two-parameter
foundation used in this study can be considered a non-
local generalization of the conventional Winkler foundation
model. Consequently, the study accounts for both the linear
non-local properties of the plate and the foundation. As in
the conventional two-parameter foundation model, the gov-
erning equation of the non-local plate and the foundation
reaction are linear. However, the unilateral foundation model
gives rise to complex nonlinear behavior. The governing
equation is achieved by applying Galerkin approach whereas
a series of Chebyshev polynomials are used to express the
displacement field. For the dynamic case, where the inertia
forces of the plate mass are considered, a system of nonlinear
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Fig.7 continued

second-order differential equations is obtained. This equa-
tion simplifies into a system of nonlinear algebraic equations
when the load is static.

In the analysis, the unilateral foundation property is incor-
porated by adding a supplementary contact function. During
static analysis, the function is evaluated iteratively. During
the dynamic analysis, this function is recalculated continu-
ously at every time step after evaluating the initial condition.
Due to the variation in the circular contact area, the verti-
cal stiffness of the plate changes. Accordingly, the stiffness
matrix is recalculated in every step of time. The stiffness
matrix elements are having integration within the contact
region, making them indirectly time-dependent. The deriva-
tion of the governing equation is done with special attention.
In order to encompass diverse variables within graphical
visualizations, non-dimensional parameters are used. The
net balance of forces acting in the direction perpendicular
to the plate surface is obtained comprehensively to check the
numerical solution. Furthermore, particular focus is placed

P
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Fig. 8 Time variation of a the contact radius r¢ousqc (7), b the displace-
ment of the center of the plate k, w,(7)/p,, ¢ the displacement of the
edge of the plate k,w,(t)/p,. d the total reaction of the foundation
p#(t)/ Po,and e the total inertia force of the plate p;(t)/ p, for the load-
ing (b, < 1) and the unloading (b, > 1) cases assuming k, = 1000
and m, = 0.02
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on the foundation reaction in the two-parameter foundation
approach, which consists of two parts. One part is the dis-
tributed reaction from the foundation applied to the bottom
surface of the plate, which generalizes the Winkler model by
including the first and second radial derivatives of the foun-
dation surface in the rotationally symmetric case. The second
part, rarely addressed in previous studies, arises in cases of
complete contact at the edges of the plate where the slope
of the foundation exhibits discontinuity. This part is linearly
proportional to the discontinuity and the membrane stiffness
of the foundation.

Numerical results are obtained via an iterative method
for the contact radius and the shape function of the founda-
tion surface beyond the contact region. The equilibrium of
vertical force is derived from the free-body diagram of the
plate, which validates the implementation of the numerical
solution procedure for both the static and dynamic loadings.
In dynamic simulation, the time step is chosen to achieve
acceptable accuracy in the graphical visualizations of the
numerical results. Although the analysis is based on arbi-
trarily varying time-dependent rotationally symmetric loads,
both a central force and a uniformly distributed load are
considered. The dynamic event is assumed to occur with
a sudden, stepwise change in external loads. Time varia-
tions of the contact radius, as well as the central and edge
displacements of the plate, foundation reactions, and inertia
forces, are specifically presented. The inertia force is evalu-
ated solely to check the equilibrium of vertical forces in the
dynamic loading. The main contributions of this study can
be summarized as follows: combination of nonlocal proper-
ties of the foundation and plate, condition of the separation of
the plate from the foundation and extensive numerical results
which display the static and dynamic behavior of the plate
and effects of the nonlocality parameters on the solutions.
Key conclusions are as follows:

a. A uniformly distributed load suppresses the lift-off of the
plate and mitigates the nonlinearity of the problem, both
in static and dynamic cases.

b. The computational findings reveal that nonlinearity is
most significant in the changes of contact radius, espe-
cially when compared to the displacements of the plate.
Meanwhile, a moderate level of nonlinearity appears in
the plate’s displacement behavior under partial contact
conditions.

c. The effects of the plate and the non-local foundation
parameters are relatively small within the numerical
range considered in this study.

d. As the area of contact increases, the foundation exhibits
greater stiffness in comparison with the plate. Yet, this
contact area is not governed by the load’s magnitude,
but rather by the relative proportions of multiple applied

@ Springer

forces. It does not depend on the loading level when only
one type of loading is used.

e. The two-parameter foundation model exhibits two types
of foundation reactions. One is applied to the bottom sur-
face of the plate and is considered a distributed property,
as typically seen in related studies. The second, often
overlooked, arises in cases of complete contact, occur-
ring at the free edges of the plate where the foundation
surface exhibits slope discontinuity. When the edge of
the plate is supported, this reaction appears as part of the
support reaction.
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