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Abstract. Let R be aring with identity, M aright R-module and S = Endg(M). In this
note, we introduce S-semicommutative, S-Baer, S-q.-Baer and S-p.q.-Baer modules.
We study the relations between these classes of modules. Also we prove if M is an
S-semicommutative module, then M is an S-p.q.-Baer module if and only if M[x] is
an S[x]-p.q.-Baer module, M is an S-Baer module if and only if M[x] is an S[x]-Baer
module, M is an S-q.-Baer module if and only if M[x] is an S[x]-q.-Baer module.

Keywords. Baer modules; principally quasi-Baer modules; quasi-Baer modules;
semicommutative modules.

1. Introduction

Throughout this paper R will denote an associative ring with identity, Mod-R will be the
category of unitary right R-modules. For a module M, S = Endg(M) will denote the
ring of right R-module endomorphisms of M. Then M is a left S-module, right R-module
and S-R-bimodule. In this work, for any rings S and R and any S-R-bimodule M, rg(.)
and )7 (.) will denote the right annihilator of a subset of M with elements from R and
the left annihilator of a subset of R with elements from M, respectively. Similarly, /s(.)
and rys(.) will be the left annihilator of a subset of M with elements from S and the right
annihilator of a subset of S with elements from M, respectively. In [10], Rizvi and Roman
called M a Baer module if the right annihilator in M of any left ideal of S is generated
by an idempotent of S, i.e., for any left ideal I of S, ry/(I) = eM for some e2=ccS
(or equivalently, for all R-submodules N of M, Is(N) = Se with 2 =eec8). Mis
said to be a quasi-Baer module if the right annihilator in M of any ideal of S is generated
by an idempotent of S (or equivalently, for all fully invariant R-submodules N of M,
Is(N) = Se with ¢ = ¢ € S). To avoid confusion with definitions in [6], we will call
Baer modules S-Baer modules and quasi-Baer modules S-quasi-Baer modules. Among
other results they have proved that any direct summand of an S-Baer (resp. S-quasi-Baer)
module M is again an S-Baer (resp. S-quasi-Baer) module, and the endomorphism ring
S = Endr (M) of an S-Baer (resp. S-quasi-Baer) module M is an S-Baer (resp. S-quasi-
Baer) ring (see Theorem 4.1 in [10]). They gave several results for a direct sum of S-Baer
(resp. S-quasi-Baer) modules to be an S-Baer (resp. S-quasi-Baer) module.
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Let M be an R-module. Recall that M is called a semicommutative module if for any
a € Randm € M, ma = 0 implies mRa = 0 and R is called a semicommutative ring
if Rp is a semicommutative module. In this work we will call M S-semicommutative if
forany f € Sandm € M, f(m) = 0 implies fg(m) = O for every g € S. Then a ring
R is a semicommutative ring if and only if R is an S-semicommutative module where
S = Endr(Rr) = R. Note that any submodule N of an S-semicomutative module M
is S-semicomutative. M is S-principally quasi-Baer (or S-p.q.-Baer for short) if for any
m € M, ls(m) = Se (which is equal to /s (mR)) for some e> = ¢ € S. A ring is called an
abelianring if its idempotents are central. And also note that if M is an S-semicommutative
module, then for all @ € S, Ker(w) is a fully invariant submodule of M. In particular every
direct summand of M is a fully invariant submodule of M and so M satisfies summand
intersection property, that is, intersection of two direct summand of M is again direct
summand.

2. Preliminaries

In this section we study some elementary properties of S-semicommutative modules.
We start with

Lemma 2.1. Let M be an S-semicommutative module. Then S is a semicommutative, hence
an abelian ring.

Proof. Let f, g € S and assume fg = 0. Then fg(m) = 0 for all m € M. By hypothesis
fhg(m) =0forallm € Mandh € S. Hence fhg =0forallh € Sandso fSg = 0. Let
e, f € § with e? = e. Then (e(1 — e))M = 0. By hypothesis (ef (1 — e))M = 0. Hence
ef(1—e)=0forall f € S.Similarly (1 —e) fe = 0forall f € S. Thus ef = fe for
all f € S. |

We do not know whether or not the converse of Lemma 2.1 is true in general. Now we
investigate at least when the converse of Lemma 2.1 is possible.

Lemma 2.2. Let R be a ring and eRe be a semicommutative subring where ¢* = e € R.
If ere = 0 implies er = 0, then eR is an S-semicommutative module where r € R,
S = Endg(eR).

Proof. Let f(er) = 0 where f € S. Then for all g € S, fg(er) = erjerper where
f(e) =eryand g(e) = erp.Since S = Endg(eR) = eRe, eRe is a semicommutative ring.
Alsosince f(er) =0, erjer = 0. Thus erjere = 0 and erjeryere = O for all erye € eRe.
By the hypothesis of lemma, erjerser = 0. Therefore fg(er) = erjerser = 0. O

Let R be a ring without identity. If 71 Rrp = 0 whenever r1r; = 0, then it will be called
that R has the semicommutative property.

Lemma?2.3. Lete* = e € Rand S = Endg(eR). Then

(1) If eR is a semicommutative module (and so eRe is a semicommutative ring), then eR
is an S-semicommutative module.

(2) Let R be a ring and Re be a semicommutative module where ¢ = ¢ € R but eR
has not the semicommutative property. Then eR is not an S-semicommutative module
where S = Endg(eR) = eRe but S is a semicommutative ring.
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Proof.

(1) Let f € S and f(er;) = 0 where r € R. Then f(e)er = 0.Let g € S.By S =
Endr(eR) = eRe, g(e) = ese and f(e) = ete and so f(g(er)) = erzeser
and f(er) = eter = 0. Since eR is semicommutative, eteser = 0 and therefore
f(g(er)) = 0. Then eR is an S-semicommutative module.

(2) Assume that eR is an S-semicommutative module where S = Endg(eR). Take any
elements ri,r» € R such that erjer, = 0 . Since S = Endg(eR) = eRe, then
for fixed r € R, note that f: eR — ¢eR, f(e) = ere, f(es) = eres,s € S is
an R-homomorphism. So, if we take f(e) = erje, then f(er;) = erjer, = O.
Since eR is an S-semicommutative module, for all g(e) = erze € S we obtain that
fg(ery) =0andso fg(ery) = erjerzery = 0. Thus we obtain that if erjr, = 0, then
for all ers € eR, erjerzer; = 0. So eR has the semicommutative property. This is
a contradiction. Therefore ¢R is not an S-semicommutative module. But since Re is
a semicommutative module and S = Endg(eR) = ¢Re, eRe is a semicommutative
subring of R, S is a semicommutative ring. O

We investigate in Lemma 2.4 the conditions under which the semicommutativity of S
implies S-semicommutativity of M.

Lemma 2.4. Let M be a module with endomorphism ring S. Then the following are
satisfied:

(1) Assume that S is a semicommutative ring, and for every m € M, there exists g € S
such that g(M) = mR, then M is an S-semicommutative module.

) If M is an S-p.p. module and S is a semicommutative ring, then M is an
S-semicommutative module.

3) If M is an indecomposable S-Baer module, then M is an S-semicommutative module
and so S is semicommutative.

(4) Let M be an S-semicommutative module. Assume that for every submodule N of M
there existe* = e € S, and o € S such that N € eM and oa(N)=eM. Then M is a
Baer module.

(5) If M is an S-semicommutative module and every fully invariant submodule is a direct
summand of M, then M is an S-Baer module.

Proof.

(1) Let f(m) = 0 where S = Endg(M). Then by theorem there exists g € S such that
g(M) = mR and so f(g(mR)) = f(g(M)) = 0, thatis fg = 0. Since S is a
semicommutative ring for all 4 € S, fhg = 0 and therefore fh(m) = 0. Thus M is
an S-semicommutative module.

(2) Let ¢(m) = 0 where ¢ € S and m € M. Since M is an S-p.p. module, there exists
e? = ¢ € S such that [g(mR) = Se. Since p(m) = 0, ¢ € Is(mR) = Se and then
B € Sep forall B € S. Since S is semicommutative, e = fe for all 8 € S and so
pB € SBe C Se = lg(mR). This implies that pB(m) = 0.

(3) Let ¢(m) = 0 where ¢ € S and m € M. Then ¢ € Ig(m) = Se for some ¢ = e.
Hence M = eM & (1 — e)M and so ¢ = 0 or e = 1. It follows that ¢ = 0 or
m=0.
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(4) Let N be a submodule of M. Then there exists an idempotent homomorphism e € S
and o € S such that N € eM and o(N) = eM. We prove that [g(N) = S(1 — e).
It is trivial that S(1 — e) < Ig(N) since N € eM. Let 8 € ls(N). By hypothe-
sis B(N) = 0 implies Sa(N) = 0. Then fa(N) = BeM = 0, and so Be = O.
Hence f = B(1 —e) € S( —e). So Is(N) < S(1 — e). This completes the
proof.

(5) Since M is an S-semicommutative module, if f(n) = 0 where f € S, then for all
g € S, f(g(n)) = 0. This implies that for all f € S, Ker(f) is a fully invariant
submodule of M. Let I be anideal of S. Since ry; (1) = NgesKer(ar) and all the Ker(«)
are fully invariant submodules of M, rj; (/) is a fully invariant submodule of M. So it
is a direct summand of M and therefore M is an S-Baer module. O

Lemma 2.5. Let Mg be a cyclic module. Assume that either M is a semicommutative
R-module or R is a commutative ring. Then M is an S-semicommutative module if and
only if S is a semicommutative ring.

Proof. LetM = xR. Assume that S is a semicommutativering ,andlet f € S,m € M with
f(@m) = 0. Then m = xt for some ¢t € R. Define g(xs) = ms where xs € M. We prove
M is S-semicommutative. For if x € M and r € R with xr = 0, then, by hypothesis,
xtr = 0 so g(xr) = mr = xtr = 0. Hence g becomes a well-defined endomorphism
of M in the cases where M is a semicommutative R-module or R is a commutative ring.
But then 0 = f(m) = fg(x). Hence fg = 0. By assumption fhg = O for every h € S.
So0 = fhg(x) = fh(m) = 0. Thus M is an S-semicommutative module. The rest is
clear from Lemma 2.1. O

The following two examples shows that it is not necessary that if M is a semicommutative
R-module, then M is an S-semicommutative R-module and if M is an S-semicommutative
R-module, then M is a semicommutative R-module, respectively.

Example A. There exists a semicommutative R-module M such that it is not S-semi-
commutative.

Proof. Let F be a field and R = (g 2) where F is a field and M = (11::8) and

S = Endg(M). Then M is a right R-module by usual matrix operations. Let f, g € S be

defined by
faO a0 a 0 b 0 n aOeM
= = wher .
b0 00)"%\p o0 00 “ \po

Then f((l) g) = (8 8) and fg((l) 8) *+ (g 8). That is, M is not S-semicommutative.

Since R is commutative, M is a semicommutative R-module.

Example B. There exists a module M with S = Endr(M) such that M is S-semi-
commutative but not semicommutative.

Proof. Let 7Z denote the ring of integers, M = 7Z x Z, R = Endz(Z x Z) and
S = Endg(Z x Z). Then M is an S-semicommutative module. But M is not a semi-
commutative R-module. For if, let f and g € R be defined by (a,b)f = (a,0) and
(a,b)g = (b,0) where (a,b) € Z x Z. Then (0, 1) f = (0,0) but (0, )gf # (0,0).
Therefore M is not a semicommutative R-module. O
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Lemma 2.6. Let M be an S-semicommutative module. Then the following are satisfied:

() If M is a quasi-injective module, then every submodule N of M is an
S’-semicommutative module where S’ = Endg (N).

(2) If M = R, then for all a € R, aR is an S'-semicommutative module where
S’ = Endg(aR).
Proof.

(1) Let f € § and f(n) = 0, n € N. Since f is an endomorphism from N to M
and M is a quasi-injective module, f is extended to the function f € S such that
f') = f(n') for all n € N and also for all g € §, there exists a function g € §
such that g(n’) = g(n) for all n’ € N. Since M is an S-semicommutative mod-
ule, fg(n) = 0 for all g € §'. This implies that fg(n) = fg(n) = 0 for all
geds.

(2) Since R is S-semicommutative, S is semicommutative. Let f(ar) = 0 where f €
Endgr(aR) and ar € aR. Then for all g € Endr(aR), fg(ar) = arjrpr where
f(a) = ary and g(a) = ar,. Since f(ar) = 0, ar;r = 0and § = R is semicommu-
tative, we get arror = 0. This completes the proof. O

COROLLARY 2.7

Every direct summand M;e of Mg is S'-semicommutative, where S’ = Endg (M").

Proof. From the proof of Lemma 2.6(1) we conclude that direct summand M’ of M is also
S’-semicommutative with respect to its endomorphism ring S = End(M"). O

The following example shows that if M is an S-semicommutative module, then any
submodule N of M may not be a T-semicommutative module where S = Endg (M) and
T = Endgr(N).

Example C. There exists a module M with a submodule N, § = Endg(M) and
T = Endgr(N) such that M is S-semicommutative, but N is not 7-semicommutative.

b c OFF
Proof. Let F be any field, R = {<8a2>|a,b,c,de F},M:RR and N = (00 F).
00a 000

Then Endg(M)=R and M is R-semicommutative by [1]. Let f € T be defined by

0bc 000 0b c
f100d]=]005b]|, where 00d]|eN.
000 000 000

OFF 000
Then f € T.Let N = Ny & N, where N| = (00 0>,N2=<00F)andeeTbethe
000 000

projection of N onto N, i.e.,e(ny+ny) = ny whereni+ € Nyandny € N>. Then f € T

011 011 000
and e(ooo) = 0. But ef(oo 0) = <00 1) # 0. Hence N is not T-semicommutative.
000 000 000

Lemma?2.8. Let M = M & My, M| be Si-semicommutative and M, be S)-semi-
commutative, where S; = Endg(M1) and S = Endg(M>). If Hom(M;, M;) = O for
1 <i#j<2,then M is S-semicommutative, where S = Endg (M) .
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Proof. Let fm = 0and § = §1 ® S2. Then f = f1 + f> and m = m; + my and
fm = fimy+ famy.So fim; =0, famr = 0. By hypothesis f1Sim; =0, frSmy =0.
Hence fSm = 0. O

COROLLARY 2.9

Let e be an idempotent in a ring R. Then R is a semicommutative ring if and only if e is a
central idempotent, eR and (1 — e) R are semicommutative rings.

Lemma 2.10. Let M = M| & M3. If Hom(M3, M1) = 0 or Hom(M{, M) = 0, then
S = Endg (M) is not semicommutative.

Proof. Let 0 # f € Hom(M», M;) with f(ms) # 0 where my € M,. Then
(1 fo)(ma) = mi(f(my)) = f(mo). Hence my frp # 0. This implies that S is not
semicommutative since w17y = 0. O

COROLLARY 2.11

Let M = My ® M>. If S = Endg(M) is a semicommutative ring, then Hom(M;, M;) =0
where 1 <i # j <2.

Lemma 2.12. Let M be a duo module. Then M is S-semicommutative.

Proof. Let f € S and m € M with f(m) = 0. By hypothesis g(m) € mR for any g € S.
Then fg(m) € f(m)R = 0. Hence fg(m) = 0forall g € S. So S is semicommutative.
O

Lemma 2.13. Let M = M| & M,. If M is weak duo (see [8] in detail) and M and M, are
S1-semicommutative and Sp-semicommutative submodules respectively where End(M1) =
S1 and End(M») = S, then M is S-semicommutative.

Proof. Since M is weak duo, M and M are fully invariant submodules. Let f(m) = 0.
If m = my + my where m; € My and my € M», then f(m; +mp) =0andso f(m;) =
f(m2) = 0. Since M| and M, are S;- and S;-semicommutative submodules respectively,
forallg € S, fg(m) =0. O

S-semicommutative modules are not closed under direct sums. Let R = ( ? ? ) where

F is a field. It is well known that R is not a semicommutative ring and thus F € F

is not an S-semicommutative module, since Endp(F € F) = (i ';) Also FEPF

is not an S-semicommutative module, but F is an Sj-semicommutative module where
S = Endp(F @ F) and S; = Endp (F). Also we understand from this example that this
property is not extension closed.

Now we investigate at least when this case can be possible?

Lemma 2.14. Let R be a ring and I be a fully invariant reduced ideal of R. If R/I is an
S-semicommutative ring where S = Endr(R/I), then R is an S-semicommutative where
S1 = Endg(R).

Proof. Let f(a) = 0 where f € Sy and g € S1. Let f1: R/I — R/I and g1: R/I —
R/I such that fi(r +1) = f(r)+ I and g1(r + 1) = g(r) + I . Then f] and g; are
module homomorphisms over R. Since R/ is an S-semicommutative ring fig1(a+1) =
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fgla)+ 1 =1 and so fg(a) € I. Since (aIf(l))2 = 0 and [ is reduced, alf (1) = 0.
Then (f(1)g(D)al)?> = f(1)g(1)(alf(1))g(1)al = 0 and so f(1)g()al = 0 and
f(g(a)) = 0. Therefore R is an S7-semicommutative module. O

Furthermore if R is a semicommutative ring and so an S-semicommutative module
where S = Endg(R), then R/I may not be an Sj-semicommutative module where
= Endg(R/I) and [ is a right ideal. Let

abcd 0000
0abe 000 a

R = ca,b,c,d,ec F and [ = rae F
00ab 0000
00O0a 0000

where F is a field. Let f

bcd a00d abcd
b e _10a0 0
) (1) e (55 )
00a 000a 000a
a00e 0100 0100
0a00 0011 0011
<Oga0>+I.Thenf,geSlandf<(0001>+I :Iandf(g((o 01) ))
0005 0000 0000
u .

Lemma 2.15. Let M be an S-semicommutative module. Consider the following:

(1) M is an S-Baer module.
(2) M is an S-quasi-Baer module.
(3) M is an S-p.q.-Baer module.

Then (1) & (2) = ().

oo

Proof. (1)=(2)=(3) is clear. (2)= (1). Let N be any submodule of M and n € N.
By hypothesis Is(n) = Is(SnR). Hence [g(N) = Ig(SN). Since SN is a fully invariant
submodule of M, by (2) [s(SN) = Se for some e? = e € S. This completes the proof.

O
PROPOSITION 2.16

Following are equivalent for an S-semicommutative module M.

(1) M is an S-p.q.-Baer module.
(2) The left annihilator in S of any finitely generated R-submodule of M is generated (as
a left ideal) by an idempotent of S.

Proof. (2)=(1) is clear. (1)=(2): Assume that M is an S-p.q.-Baer module and let N
be a finitely generated R-submodule of M. We will prove only for n = 2. Same proof
will work for any n. Let N = n1R + naR. By (1), Is(n1R) = Se; and [s(noR) = Ses.
By Lemma 2.1, ejep = eze; and so ejey becomes an idempotent. Hence Is(N) = Sejes.
This completes the proof. |

A module Mg is called a principally projective (or simply p.p.-module) if, for any
m € M,rp(m) = eR wheree? = ¢ € R (see [6]). In [6] Lee-Zhou introduced the following

notation. For a module Mg, we consider M[x] = {Zfzomixi: s>0,m; € M}, M[x]is

an Abelian group under an obvious addition operation. Moreover M [x] becomes a right
R[x]-module under the following scalar product operation:
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For

Ky t
m(x) = Zmixi € M[x] and f(x)= Zaixi € R[x],
i=0 i=0

s+t
mx) ) = ( > m,-aj) k.

k=0 \i+j=k

By these operations M[x] becomes a right module over R[x]. Similarly, M[x] is a left
S[x]-module by the scalar product:
For

s t
m(x) =Y mix' € M{x] and a(x)=)» fix' € S[x],

i=0 i=0
S+t

a(x)m(x) = Z ( Z ﬁmj> xk.
k=0 \i+j=k

PROPOSITION 2.17

Let M be an S-p.q.-Baer module. Then M is an S-semicommutative module if and only if
fem =efm, foranym e M, f € S, ande*> = e € S.

Proof. The necessity is clear from Lemma 2.1. Conversely, assume that fem = efm, for
anym € M, f € Sande?> = e € S. Let fm = 0 for some f € S and m € M. There
exists e = e € S such that f € Ig(m) = Se. Then f = fe and em = 0. Forany g € S,
by assumption fgm = fegm = fgem = 0. Hence M is S-semicommutative. O

Lemma 2.18. Let M be a module and S = End(M). If M is an S-p.q.-Baer module, then
M is S-semicommutative if and only if M[x] is S[x]-semicommutative.

Proof. Assume'that M is S-semicommutative module. Let m(x) = Zmixi e MJx],
fx) =3 fjx! e S[x]satisfy f(x)m(x) = 0. Then

Jomo =0, (1)
Jfomi + fimg =0, (2)
foma + fimy + famg =0, 3)

4)

Let Is(mqg) = Seq, [s(m1) = Sey, ls(my) = Sey, ... where e,.2 = ¢; € S. By hypothesis
S is abelian and by (1), foeo = eofo = fo. Left multiply (2) by ep to obtain fym; = 0.
Hence f1m0 =0.So f0e1 = 61f0 = fo and f1€() = 6‘0f1 = f]. Left multiply 3) by €0
to obtain fomg = 0 so (3) becomes fomy + fim = 0. Multiply this equality by e; from
left to have fomo = 0. Hence fim = 0. Continuing in this way we may obtain fim; = 0
for all i and j. The rest is clear. g

To get rid of confusions we recall that M[x] is an S[x]-p.q.-Baer module if for any
m(x) € M][x], there exists ¢ = e € S[x] such that Isixj(m(x)) = eS[x], and M[x] is
an S[x]-Baer-module if for any R[x] - submodule A of M[x], there exists 2=ecS [x]
such that [5[,](A) = eS[x], and M[x] is an S[x]-q.-Baer module if for any fully invariant
R[x]-submodule A of M[x], there exists e2 = ¢ € S[x] such that Ispqm(x) = eS[x].



On a class of semicommutative modules 157

Lemma 2.19. Let M be a module such that S = End(M) is a semicommutative ring. Then

(1) Every idempotent of S[x] is in S and S[x] is abelian.
(2) Every idempotent of S[[x]] is in the S and S[[x]] is abelian.

Proof. Clear from Lemma 8 of [5].
Theorem 2.20. Let M be an S-semicommutative module. Then

(1) M is an S-p.q.-Baer module if and only if M[x] is an S[x]-p.q.-Baer module.
(2) M is an S-Baer module if and only if M[x] is an S[x]-Baer module.
(3) M is an S-q.-Baer module if and only if M[x] is an S[x]-q.-Baer module.

Proof. Let M be an S-semicommutative module. By Lemma 2.1, § is semicommutative
and so an abelian ring.

(1) =. Assume that M is an S-p.q.-Baer module. Let m(x) = Zf:o mix' e
Mix], f(x) = Y5_o fix! € Sx] satisfy f(x)m(x) = 0. Let Is(m;) = Se; where
el.2 =e¢ €530 =0,1,2,...,k). Since § is abelian, fim; = 0 implies fie; =e;fi = fi
foralli =0,1,2,...,tand j =0,1,2,..., k. Lete = epejey . .. ex. Then e is a central
idempotent in S. We prove Igxj(m(x)) = S[x]e. Let f(x) = ijxj € gy (m(x)),
then fje = f; and so f(x)e = f(x). Hence f(x) € S[x]e and so sy (m(x)) < S[x]e.
Let g(x) € S[x]e. Since S is abelian, em(x) = 0 and g(x)em(x) = 0. Hence
Slxle < Isp(m(x)).

<. Suppose that M[x]is an S[x]-p.q.-Baer module. Letm € M. Then/g,j(m) = S[x]e
for some €2 = ¢ € S[x]. By Lemma 2.19, ¢ € S. Clearly (S[x]e) N § = Se. Hence
ls(m) = Se.

(2) =. Assume that M is an S-Baer module. Let A be any R[x]-submodule of M[x].
We will prove that there exists e? = e € S[x] such that Isix1(A) = S[x]e. Let A* be the
right R-submodule of M generated by the coefficients of elements of A. By assumption
Is(A*) = Se for some ¢2 = ¢ € S. Then S[x]e < Isix1(A) is clear. To prove reverse
inclusion, let g(x) = co + c1x 4+ -+ + ¢, € Isx](A). Then g(x)A =0 and so g;A = 0.
By Lemma 2.1, § is semicommutative and so abelian. Hence S is Armendariz, that is,
giA*=0,g; €ls(A*) = Seand gie = g; forall0 <i < n.So g(x)e = g(x) € S[x]e.
lS[x](A) < S[x]e. Therefore ls[x](A) = S[x]e.

<. Assume that M[x] is an S[x]-Baer-module. Let A be any submodule of M. Then
Isix1(A[x]) = S[x]e for some 2 =e e S[x]. By Lemma2.19,e € S. Then (S[x]e)NS =
Se. Hence M is an S-Baer module.

(3) Similar to proof of (2). O
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