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ON SPACE-LIKE CLASS A SURFACES IN ROBERTSON-WALKER
SPACE TIMES

BURCU BEKTAS DEMIRCI, NURETTIN CENK TURGAY, AND RUYA YEGIN SEN

ABSTRACT. In this article, we consider space-like surfaces in Robertson-Walker Space
times L{(f,c) with comoving observer field %. We study some problems related to such
surfaces satisfying the geometric conditions imposed on the tangential part and normal
part of the unit vector field % naturally defined. First, we investigate space-like surfaces

in L}(f,c) satisfying that the tangent component of % is an eigenvector of all shape

operators, called class A surfaces. Then, we get a classification theorem of space-like class
A surfaces in Li(f,0). Also, we examine minimal space-like class A surfaces in Li(f,0).
Finally, we give the parametrizations of space-like surfaces in L}(f,0) when the normal
part of the unit vector field % is parallel.

1. INTRODUCTION

In recent years, there has been significant interest among geometers in studying subman-
ifolds of product spaces resulting in numerous findings. Some of them are given by [5], [§],
31, 7], [6].

Apart from Cartesian product spaces, the other example can be considered as Robertson
Walker-Space times which are 4-dimensional Lorentzian manifolds. The Robertson Walker-
Space times, denoted by Li(f,c), are defined as Cartesian products of space forms by
a real interval equipped with a Lorentzian warped product metric. Thus, the family of
Robertson Walker space times includes the de Sitter, Minkowski, and the anti-de Sitter
space time and also Friedmann’s cosmological models. In physics, Robertson Walker-Space
times are important due to the fact that they explain homogeneous, isotropic expanding
and contracting universes, see [I5] and [1].

From geometrical point of view, there are some studies related to classification of surfaces
or hypersurfaces in Robertson Walker space times, see [I1], [12], [13], [9], [10]. Especially,
B.-Y. Chen and J. Van der Veken [2] investigated space-like surfaces and Lorentzian sur-
faces in Robertson Walker space times having some important geometric properties such
as marginally trapped, positive relative nullity and totally geodesic, etc.

In product spaces, there exists a unit vector field spanning the factor R, denoted by %,
and B. Mendonga and R. Tojeiro [4] mentioned the decomposition of it given as follows.

Given an isometric immersion ¢ : M — Q7 x R, a tangent vector field 7" on M and a
normal vector field n along ¢ are defined by

0

Here, Q7 denotes the space forms. For the Robertson walker space times, there still exists
the unit vector field % which is tangent to first factor and it can be decomposed in a similar
way as ([LI)). Also, this unit vector field is known as a comoving observer field in general
relativity, [2].
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In [T4], R. Tojeiro studied hypersurfaces in product spaces Q" x R for which the tangent
component of % in (L.I)) is an eigenvector of all shape operators. Moreover, B. Mendonga
and R. Tojeiro [4] obtained the characterization of all such submanifolds in the product
spaces Q7 xR. In this context, the following definition based on [14] and [4] for submanifolds
of the Cartesian product space can be given.

Definition 1.1. If the vector T in (LL1) is an eigenvector of all shape operators of M, then
M is said to be a class A surface.

In this article, we study space-like surfaces in Robertson-Walker space times satisfying
certain properties in terms of the vectors T and 7 in the decomposition (I)). First, we
investigate space-like class A surfaces in L{(f,c) and then, we give a local classification
theorem for space-like class A surfaces in Li(f,0). Also, we determine space-like class A
surfaces in Lj(f,0) with zero mean curvature vector. Finally, we prove that the vector field
n in (L)) is parallel if and only if the space-like surface in Lj(f,c) must be an element of
class A surfaces. By using this, we obtain the parametrizations of space-like surfaces in
L1(f,0) with parallel vector field .

2. PRELIMINARIES

Let Q7! denote the n—1 dimensional Riemannian space-form with the constant sectional
curvature c, i.e.,

St if e =1,
QU t={ E' ife=0,
H* ! ifc=—1

and g¢. stand for its metric tensor.

If I is an open interval and f : I — R is a smooth, non-vanishing function, then the
Robertson-Walker space time Lj(f, c) is defined as the Lorentzian warped product I3 x ; Q2
whose metric tensor g is

g=—dt* + f*(t)g..

Let TT; : I x Q3 — [ and IT, : T x Q® — Q2 denote the canonical projections. For a given

vector field X in L}(f, c), we define a function Xj and a vector field X by the decomposition

0 _
X =Xo=— + X.
Bt "
Note that we have Xy = —¢ (%,X) and IT;(X) = 0.

First, we would like to express the Levi-Civita connection of Li(f,c). Note that the
following lemma can be directly obtained from [2, Lemma 2.1].

Lemma 2.1. The Levi-Civita connection V of LA(f,¢) is
(2.1) VxY = VY + (Inf) (§(X,Y)d + XoV + ¥, X)

whenever X and Y are tangent to Li(f,c), where V° denotes the Levi-Civita connection of
the Cartesian product space Li(1,¢) =1 x Q3.

2.1. Space-like surfaces in L{(f,c). Consider an oriented space-like surface M in Li(f, c)
with the Levi-Civita connection V and metric tensor g. Through the misuse of terminology,
we shall denote the induced connection of Li(f,c) by V. Then, the Gauss and Weingarten
formulas

(2.2) VxY = VxY +h(X,Y),
(2.3) Vi€ = —Ag(X)+Vxé
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define the second fundamental form A, the shape operator A and the normal connection
V+ of M, where X,Y are tangent to M and ¢ is normal to M. Note that A and h are
related by

(2.4) gM(X,Y),§) = g(AcX,Y).
Let ¢ : Q — Li(f,c) be a local parametrization of M and put 7 = II; o ¢.

Remark 2.2. If grad 7 = 0 on M, then we have (M,g) C {to} X ¢ Q2. Throughout
this work, we are going to exclude this case and assume the existence of p € M at which

grad T # 0.

Since M is a space-like surface, by considering the decomposition (II]) one may define a
function 6 and a positively oriented global orthonormal frame field {eq, es;es, e} on M by

(2.5) 9 = sinh 6 e; + cosh § es.
ot |y

where g(e1,e1) = g(ea,ea) = 1 and g(es, e3) = —g(eq,e4) = —1. Throughout this article,
we consider such an orthonormal frame field {e;, es; e3, €4} on M.
Note that we are going to use the notation

h% = g(h(ez, 6]'), ea) = g(ﬁ’u A@aej)

for the coefficients of the second fundamental form and w;s will stand for the connection
form defined by

wi2(X) = g(Vxer,e2) = —g(Vxea, e1).

Then, the mean curvature vector of M is defined by

Lop o P thsy b+ by

H= trh=
2" 7 7

and M is said to be minimal if H vanishes on M. Also, we are going to use the following
lemma:

Lemma 2.3. Let 6 and ey be as defined above. Then,

1
26) Pl =~z (Fla)-

Proof.  Let p = (to,p) € M and consider an integral curve a = (v, &) of e; starting
from p. Then we have

el = | (Foa)m) = | flaow) = a(0)F (a0(0)

Since a(0) = p and /(0) = (e1),, the last equation implies

e1(fly)p = —sinh(8(p)) S (to)

which yields (2.6). O
During this work, the manifolds that we are dealing with are smooth and connected
unless otherwise is stated.
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3. BASsIiCc FACTS FOR SPACE-LIKE SURFACES IN ROBERTSON-WALKER SPACE TIMES
Li(f,c)

In this section, we give some basic facts about space-like surfaces in L{(f, c).

Lemma 3.1. Let M be a space-like surface in Li(f,c). Then, we have the followings:

(3.1a) Veer = hd,cothfes,

(3.1b) Veer = ((Inf)esch + h3,cothf) e,
(3.1c) V.es = —hj tanhfey,

(3.1d) Vioes = —hj,tanhfe,

(3.1e) er(d) = (Inf) coshf + h3,,

(3.1f) ea() = hi,.

Proof. Assume that M is a space-like surface in Li(f,c). From (ZH), we get (es)o =
g(eg,%) = 0 and (e1)g = —¢ (%,el) = —sinhf. Then, we have e; = €3 and e; =
—sinh 9% + €1. Considering (2.1)) in Lemma 2.I] with these equations, one can obtain
(3.2) 661% = (Inf) (cosh’@e; + sinh @ coshfes),

(3.3) 652% = (In f)e,.
On the other hand, the equation (2.5)) implies that
%X% = X(0) cosh fe; + sinh OV xeq + X () sinh fe3 + cosh 0V xes

from which we obtain

T
(6)(2) =X (0) coshfe; + sinh OV xe; — cosh 0 A, X,

ot
(3.4) oL
(VXE) =X () sinh fes + sinh Oh(X, e;) + cosh 0V es.
Comparing the equation [34]) for X = e; and B2), we get (BIa), B.Id) and BId).
Similarly, the equation ([34]) for X = ey and B3) give (B.1D), (3.1d) and (B.1f). O

From Lemma B.1], we give the following proposition.

Proposition 3.2. Let M be a space-like surface in Li(f,c). Then, the following statements
are equivalent to each other:

(i) M is space-like class A surface in Li(f,c).
(ii) For the vector fields ey, es tangent to M, we have h(ey,es) = 0.
(iii) For the vector vector fields ez, eq, we have e3(0) = 0 and V_,eq = 0.

Proof.  From Definition [T and (2.4]), it can be easily seen that statements (i) and (ii)
are equivalent to each other. Statements (ii) and (iii) are direct consequences of (3.1d)) and

B.19). O

Lemma 3.3. Let M be a space-like class A surface in Li(f,c) and p € M. Then, there
exists a local coordinate system (u,v) defined on a neighborhood N, of p which can be
parameterized by

(3.5) o(u,v) = (u, p(u,v))
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for an immersion ¢ : Q C R2 — Q3 satisfying

(36) gc(qua sz) =0 and 8v(gc(Q~Su> qu)) =0.

Proof. Assume that M is a space-like class A surface in L{(f,c). Then, the equations
(B1a) and (B.ID) become V. ey =0 and Ve = (In f) cschfey. Define X = ———e; and
Y = vey. Then, we have

(3.7) (X, Y] = csch @ (—ei(y) +~v(In f) csch 0) es.

Thus, we choose a smooth function v satisfying e; () = yw which makes [X, Y] = 0. Hence,
there exists a neighborhood N, of p on which a local coordinate system (u,v) is defined
such that

1

(3.8) X = Tsinhg T

8u, Y = Y€ = 81,.

Now, we consider a parametrization of M in Li(f,c)

(3.9) ¢ (u,v) = (T (u,v), d(u, v))

where grad7 # 0 and ¢ : Q € R? — Q? is an immersion. From the equations § (e1,2) =

sinh 6 and g (62, %) = 0, we have
aoT oT
- -1 o
ou ’ ov 0

on N, respectively. Thus, M has a parametrization given by (3.0]) with gc(gzNSu, QZEU) = 0.
Moreover, we get

(3.10) §(u; $u) = 1+ f29e(du, du) = csch 0
Considering es(f) = 0 from Proposition and (3I0), we have 9,(ge(du, du)) = 0. Thus,
we get the desired result. O

The proof of the following corollary directly follows from the proof of Lemma B3]

Corollary 3.4. A space-like surface in Li(f,c) satisfies A,T = \T for a smooth function \
and a normal vector n if and only if it can be locally parameterized by [B.5) for an immersion

b satisfying B9).

4. CLASS A SURFACES IN Li(f,0)

In this section, we will give the local classification theorem of space-like class A surfaces
for ¢ = 0. Thus, we focus on the surface M given in Lemma 3.3

4.1. Local Classification Theorem. Let M denote the surface in E? parameterized by qg
with a unit normal vector field N and E, G stand for the coefficients of the first fundamental
form of M, i.e., E = go(du, dn) and G = go(dy, dv).

First, we construct a geometrical frame field on M as follows.
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Lemma 4.1. Let M be a space-like surface in Li(f,0) parameterized by [3.5). Then, there
exists an orthonormal frame field {ey, e, e3,e4} on M given by

1 1
6 =0, ey = ——0,
\/ =1+ f2E e
1 -1
(a.1) S (fE 7).
2B — f
1 -
€4 ?(0, N)
Moreover, the functions 6 and hi, satisfy
1 1
(4.2) 0 = —sinh —— |,
\/ -1+ f2E
(1.3) My = (B )

VEG

Proof. By considering the parametrization of the immersion ¢ in (3.5) and the first
condition in (B.6]), one can observe that the vector fields ey, eq, €3, €4 are as given in (4.1]).
From Lemma 23] and (1)) we have f'(t) = f’(u) whenever (t,p) = ¢(u,v) € M. Therefore,
by a direct computation using (2.1]) and (41]) we get desired results. O

Now, we consider the following examples of space-like class A surfaces in Li(f,0).

Example 4.2. For some smooth functions x, x5, consider the following space-like surface
in Li(f,0)

(4.4) ¢(u,v) = (u, Il(u) 2 (u), ?f)
with —1 + f2(22(uv) + 22 (u)) > 0. Say V(u) = /2 (u) (u). Then, the equation (4.1))
turns into

€1 = L 181}7

—au7 €y = —
V—1+ f2v2 P

1
4.5 €3 = 2v2 2 2l 0)
(4.5) 3 I f2V2—1(f 1+, 0)
]' / /
eq :—fV(O, —xh, 27, 0)
1
and sinh §# = ———————=. Thus, it can be seen that e;(§) = 0 and V_ ey = 0. From

=1+ f2V2
Proposition 3.2l we get that M is a space-like class A surface in L(f,0). For later use, we
also give the nonzero components of the second fundamental form h of M as

o _SVSVEVI-p v
(4 6) 11 (f2V2 . 1)3/2 ) 22 f2V2 — 17
’ f o — ol
pt, =L 2 =0,

Example 4.3. Let o : I, — S? be an arc-length parameterized curve with unit normal n
and curvature x. Consider the following space-like surface in L{(f,0) given by

(4.7) O(u, v) = (u, p1(v)a(v) + ¢2(u, v)a/ (v) + d3(u, v)n(v))
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where ¢1(v), ¢o(u,v) and ¢3(u,v) are smooth functions defined by

) = [ " RE) sin(r (€, 0))dE + 1 (v)
(4.8) P

o) = [ " RE) cos(r(&, 0))dE + ta(w)

uo

for some smooth functions R, 7, ¢, and v, satisfying 7, = k and

(4.9) @bi = Kby — @1, % = —K1.
Since it is space-like, we have (—1+ f2R?)(¢} — ¢2) > 0. By a direct computation, one can
obtain that

1

(4.10) =gy -

1
/—1 +f2R2'

It can be seen that e5(#) = 0 and V_ e, = 0. Thus, Proposition (3.2) implies that M is a
space-like class A surface in Li(f,0).

1
?(O, cosTa — sinTn),
(4.11) sinh§ = —

Moreover, if kK = 0, then the surface described in Example 4.3] turns into the surface of
revolution given by the following example.

Example 4.4. Consider the following space-like surface parameterized by

(412) ¢(U, U) = (u> Cl(u) COS U, Cl(u) SiIlU, CQ(U))
for some smooth functions ¢; > 0 and (». Let define V(u) = /¢}( (u). Then, (41
turns into
1 1
€1 = 8117

R -

V—1+ f2V2 TG
1 272 4~ I o /

€3 = V=, (;cosv, (;sinv, (s) ,

= PV Geosusine. )

1
fV(O , Cycos v, (ysinv, —(1),

By a direct computation, we obtain the nonzero coefficients of the second fundamental form
h of M as

€4 =

o VCZPVAS IV VYT PV G
(=14 f2v2)"2 7 — oy :

g (GG~ GE)
11 V(_l_'_fQVQ)?

4.13
(4.13) G

vy 1t e

Now, we give the local classification of space-like class A surfaces in L}(f,0).

4
h’22__

Theorem 4.5. A space-like surface in Li(f,0) is a class A surface if and only if it is locally
congruent to one of the following surfaces:

(i) The cylinder described in Example[{.3,
(ii) The surface described in Example[].3
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Proof. Assume that M is a space-like class A surface in L{(f,0) and let p € M. Then,
Lemma implies that there exists local coordinates (u,v) on a neighborhood N, of p
which can be parameterized by (3.5]) immersion ¢ satisfying (B6). Then, from Proposition
B2, we have j(h(ey,es),es) = h', = 0. Thus, the equation [@3) gives go(¢uw, N) = 0.
Therefore, we express

" gO(¢uva ¢v) 7 Gu

¢uv: 7¢v - ﬁ

50(Gor30) o

from which we get

(4.14) by = \/ G(u,v)a(v)
for an R3-valued function « satisfying go(cr, ) = 1. Then, there occur two following cases
according to the function «.
Case (i.) « is a constant vector in R®. In this case, up to a suitable isometry, we may
assume a = (0,0, 1). Considering (4.14]), the case (i) of the theorem can be obtained.
Case (ii.) « is a non constant vector in R?, that is, o/ # 0. In this case, by re-defining v
properly, one may assume go(a/, ') = 1. Thus, « : I, — S? is an arc-length parameterized
spherical curve. Let x and n be a curvature and a normal vector of a, where we have

o = kn — o and ' = —ka’. Then, the immersion ¢ in E? can be written as

(4.15) O(u, v) = 1 (u, v)a(v) + do(u, v)a’ (v) + d3(u, v)n(v)

for some smooth functions ¢1, ¢o, ¢3. Since g(gz}u, q;v) = 0, the equations ([@I4]) and (LI5)
give % = 0 which implies ¢; = ¢1(v). Considering (£2) and e2(0) = 0 together, we have

E(u,v) = R?(u) for a non-vanishing function R. Thus, we get

Oy, . O3
(4.16) Bu = RsinT, By RcosT,

for a smooth function 7 = 7(u, v). Integrating (4.10), we get the equations (4.8) for ¢, and
¢3 with some functions ¢ and . On the other hand, by a direct computation using @),

(m) and gO(¢u> ¢v) == 0, we Obtain

8¢2 . 8¢3 _
(417) W + ¢1 - /€¢3 = 0, W + K,QSQ =0.

Taking the derivative of (ZI6) and (IT7) with respect to v and u, we get 2 = x and (LX)
for some smooth functions v and 1. By using (£8) and (4.I7), we obtain (A9]). Thus,
M is congruent to the surface given in case (ii) of the theorem. Hence, the proof of the
necessary condition is completed.

The proof of the sufficient condition is obtained from Example and Example 4.3 O

4.2. Minimal Surfaces. In this subsection, as an application of Theorem we study
minimal class A surfaces in L{(f,0). First, we will focus the surface given in (i) of Theorem
4.0l

Proposition 4.6. The class A space-like surface described in (i) of Theorem[{.5 is minimal
if and only if it is congruent to the surface given by

(4.18) ¢(u,v) = (u, T1(u), crz1(u) + ¢2,0)
for constants ¢y, co and a function xy satisfying

“ d
(4.19) xy = <

w F(E)VesfUE) + (+1)
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where ug, c3 are real constants.

Proof. Assume that M is a minimal class A surface described in (i) of Theorem [4.5] that
is, h3, + h3y = hi; + hy = 0. From the equations in (L6]), we find zhx] — z}z} = 0 whose
solution is given by z3(u) = ¢y21(u)+co for some constants ¢y, co. By a further computation,
considering h3; + h3, = 0 and (6] we obtain the following differential equation

fal =2f2(1+ &) f'ah? + 3f') = 0.
Then, the solution of this equation is given by (£I19). U
Remark 4.7. The surface given by (I8 lies on a totally geodesic hypersurface of Li(f,0).
Now, we will examine the surface given in (ii) of Theorem [L.5] with minimality condition.

Lemma 4.8. The class A space-like surface described in (ii) of Theorem[{.5 is a minimal
surface if and only if kK = 0.

Proof.  Assume that M is a minimal class A surface described in (ii) of Theorem HL.5
Let M denote the surface in E? parameterized by

D(u,v) = ¢1(v)(v) + da(u, v)a! (v) + ¢d3(u, v)n(v).

By a direct computation, we obtain that the principal directions of M are & = }—gé*(ﬁu)
and e, = mqﬁ*(@v) with the corresponding principal curvatures ki, ks given by

E Ly — COST
R’ 2 ¢,1_¢2

Since 7, = K(v), we get é3(k1) = 0 which means k; = k;(u). By a direct computation, we
obtain that k; and k, are related with

(4.20) ky =

sin T
(421) él(l{?2> - 7 (1{52 - ]{51)

1~ 2
On the other hand, (£1]) implies

1
(4.22) es = —(0,cosTa’ —sinTn).
Considering (£.20) and (£22)), we obtain
4 . Rk ko
(423) h’ll _'_ h22 — wa _'_ 7
PR

Since M is a minimal surface, that is, h{;+h3, = 0, ky = T Pm which implies ky = ko(u).
Considering this with (£.20) and (£.21]), we obtain 7, = k = 0. O

Hence, we give the following proposition:

Proposition 4.9. The class A surface described in (i) of Theorem [{-J is minimal if and
only if it is congruent to the surface given by (AI2) in Example for some smooth
functions (1 and (5 satisfying

F& =G 2 (G2 + G =3) + VPR + ) - 1,

16 =G 2 (G° +&°) -3).

(4.24)
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Proof.  Suppose that M is a class A surface described in (ii) of Theorem and it is
minimal. Thus, (4.8]) implies that M is congruent to the surface parameterized by (€.12)
for some smooth functions ¢; > 0 and (5. By considering (4.13)), we obtain the equations
in (4.24). O

By combining Proposition [£.6] Remark [4.7] and Proposition [£.9] we obtain the following
result:

Theorem 4.10. Let M be a space-like surface in Li(f,0) which has no open part lying
on a totally geodesic hypersurface of Li(f,0). Then, M is minimal and class A surface if
and only if it is locally congruent to the surface [{I2)) for some smooth functions ¢; and (y

satisfying (4.24).
5. SPACE-LIKE SURFACES IN Lj(f,0) SATISFYING V45 =0

In this section, we consider space-like surfaces in L3(f,0) having a parallel normal vector
field n in (IT]). First, we will give the following lemma to obtain the classification theorem.

Lemma 5.1. Let M be a space-like surface in Li(f,c). Then, the vector field n in (L) is
parallel if and only if M is a class A surface in Li(f,c).

Proof. Suppose that M is a space-like surface in L}(f,c) and Vxn = 0 for any tangent
vector field X. From the equation (2X), we know that n = coshfes. Thus, we get that
0 is a nonzero constant and Vxes = 0. Note that when 6 is zero, % = e3 which means
T = 0. We omit this case. From Proposition 3.2} it can seen that M is a class A surface in

Li(f. o). 0
By using Lemma [5.J], we will state the following Theorem.

Theorem 5.2. A space-like surface in Li(f,0) having the parallel vector field n in (L) is
locally congruent to one of the following surfaces:

(i) The cylinder given by

(5.1) d(u,v) = <U>Cl . f(f)’ C2 . f(€)+63’ )

for some constants ug, c1, ¢ and c3.
(ii) The surface parameterized by (A1), where Ay is a smooth function and the functions
As, A3 are given by

As(u,v) =csin7(v) ’ fcéz) + Ay(v)
(5.2) o it
Asz(u,v) =ccosT(v) 7 + As(v)

for constants ¢, ug, smooth functions T, Ay and As satisfying (A9) and 7' (v) = k(v).

Proof. Suppose that M is a space-like surface in Li(f,0) with parallel vector field 7.
Then, Lemma (5.1 implies that M is a class A surface. Thus, we have two surfaces given
in Theorem Now, we are going to study these surfaces, separately.

Case (i). M is congruent to the cylinder described in Example for some smooth
functions x1, xo. In this case, since 6 is constant, we have

(5.3) 20 (u) + 257 (u) =

!
f2(u)
for a constant ¢; > 0. From the equation (B.Id]), we get hf, = 0. Thus, the equation (8]
gives xhx| — xjxl, = 0 which yields z2(u) = ajz1(u) + ag for some constants ay,as. By
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combining this equation with (B.3), we get 21 = <. Then, ({.4) turns into (5.1). Hence,
we have the case (i) of the theorem.

Case (ii). The surface described in Example A3l In this case, similar to the case (i), we
have

(5.4) R="_.

Using ({22) and h{, = 0, we get 7, = 0. Thus, [£38) turns into (5.2)). Hence, we have case
(ii) of the theorem.
The converse can be shown through a straightforward calculation. O
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